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PREFACE TO SOLUTIONS. 

I HAVE frequently received requests for a book of 
Solutions of the Examples in my treatise on Conic 
Sections, but have never been able to find time to 
prepare them. 

Mr Archer Green, B.A., Scholar of Christ's 
College, volunteered to undertake the task, with the 
aid of my notes and his own, and, with the exception 
of a few at the end, wrote out the solutions entirely. 

Mr Green was however prevented by illness from 
completing the revision of the proofs, and I am 
much indebted to Mr J. Greaves, Fellow of Christ's 
College, who kindly undertook to examine the rest of 
the sheets. 

The book will, I hope, prove useful both to 
students and teachers, as a companion volume to 
the treatise on Conic Sections. 

W. H. BESANT. 

SepU 1881. 




PREFACE TO THE THIRD EDITION. 

The solutions have been revised, and many ad- 
ditions have been made to them. They will now be 
found to be in complete accordance with the sixth 
edition of the Geometrical Conies. 

W. H. BESANT. 

Jan, 1800. 



CONIC SECTIONS. 



SOLUTIONS OF EXAMPLES. 



CHAPTER I. 

1. TF the tangent at P meet the directrix in Z, and (9 
X be the focos, PSZ is a right angle; 

.'. S lies on the circle of which PZ is diameter. 

a 

2. Let PN and Cilf be the ordinates at P and Q. 

Then PN : QM :: SP : SQ :: XN : JTJf ; 

.*. the triangles PXN and Q JTJ/ are similar and PXy QX 
equally inclined to XS. 

3. By Art 8, ^aS^ is the extenial bisector of the angle 
PSQ. 

4. SP : PIl :: SA : AX :: SB : EX; 

.*. EP bisects the angle A^PiT. 

6. Since F, S, P and X lie on a circle, 
the angle ^AS'jP=the angle FPX= the angle FTS. 

6. PiV: PW :: .^P : aS'P'; 

:.XX : XN :: XX' : XN; 
/. the angle XiVW=the angle Ar'iV"X=the angle LNN 

B. G. S. 1 



2 Conic Sections. 

7. Let Q be the point where the tangent at B meets 
NP. 

Tlien NQ : NX :: SB : iSX :: SA : ^X :: ^P : NX; 

:.SP=QN. 

8. Let SY be perpendicular to the tangent at P and 
(tZ perpendicular to JSP. 

Then, since the triangles PST, GPL are similar, 

PG : PL :: SP : SY, 
or PG : SB :: .S'P : SY. 

9. If the tangent meet the directrix in Z, and SP be 
drawn such that ZSP is a right angle meeting the tangent 
inP, 

then P will be the point of contact of the tangent ZP. 

10. If P, Q be the extremities of the chord, and PiT, 
QL be x>erpendicular to the directrix, 

SP : PX :: SA : AX :: SQ : QL ; 

/. SP+SQ :: P^-i-QL :: /S'^ : ^X 

Now the distance of the middle point of PQ from the 
directrix is equal to half PX+ QL, and is therefore least 
when SP + SQ is least, that is, when PQ goes through the 
focus. 

1 1. If TP, TP' be the fixed tangents, and the tan- 
gent at Q meet them in E, E\ 

the angle P;S'^=the angle ESQ, and tlie angle QSE'^^^'q 
angle ESP' ; 

/. the angle iE^AS'^'^half the angle PaSP'. 

12. If perpendiculars from the given points PX, QL 
be drawn to the directnx and S be the focus, 

SP : SQ :: PX : QL, a constant ratio ; 
.*. the locus of /S' is a circle. 
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13. Let the normal at P meet the axis in G. 
Taking O as the fixed point in the axis, it is obvious that 
the triangles OSB, QSP are similar ; 

/. SO : SB :: SG : SP :: SA : AX; 

,\ SR is constant, and R lies on a circle of which S is 
the centre. 

14. AT : AX :: SR : SX :; SA : AX; 

.\AT=AS. 

15. ST bisects the angle between SP and SQ, Art. 12, 
and SR bisects the angle between QS, and SP produced, 
Prop. IL, Art 6 ; 

.-. RST is a right angle. 

16. The triangles EA T, ERS are similar ; 
.\'AT : SR :: EA : ER :: ^X : SX; 
.\ AT : AX :: ^i? : ^X :: SA : ^X; 

17. If TL be perpendicular to the directrix, 

SR : TL :: aS/I : ^X :: SM : TL; 
.'. SM=^SR, 

18. FS is the external bisector of the angle QSP, and 
F'S of QSP'; 

.-. the angle FSF'=hHlf the angle P/SP'. 

19. Since the triangles SPN, SGL are similar, 

.-. GL I PN :: SG : SP :: .S'^ : AX. 

20. If the normals PG, P'G' meet in Q, and QF be 
drawn parallel to the axis to meet the chord in F, 

FQ:VP::SG:SP::SA:AX::SG':SP':: VQ: VP ; 
.-. VP= VP\ or r bisects PP'. 

1—2 



4 Conic Sections, 

21. DS is the external bisector of the angle PSQ, and 
HSoipSQ; 

.'. DSE is a right angle. 

22. The semi-latus rectam is an harmonic mean be- 
tween aS'P and aS'P'; 

/. 2SP . SP'^SE . PP". 

23. PE : PL :: PQ : PG :: PV : PS :: PP' : 2SP, 
see Ex. 20 ; 

,\PE : >S'/? :: SP' : ^i2; 

.-. PE=SP\ 
Similarly P'E^SP. 

24. The right-angled triangles DSQ, DSE have a 
common hypotenuse. 

Also SE=SR = SQ; 

.*. the angle C^^=the angle ESP, 

25. Let S be the focus and P and Q the given points. 

Through P draw a straight line PK so that ^P may bear 
to PK the given ratio of the eccentricity. 

Through Q draw a straight line QL so that SQ : QL in the 
same ratio. 

With centres P, Q and radii PiT, QZ respectively describe 
circles. 

The perpendicular from ^ on a common tangent to these 
circles will be axis. 

26. Let the tangents at P and Q intersect in 7! 

Draw TN perpendicular to directrix and TM perpen- 
dicular to SP. 

Then SM : TN :: SA : AX. 

But ST bears a constant ratio to SM, since angle TSM= 
half PSQ ; 

.". ST bears a constant ratio to TN. 
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27. Let T be the intersection of the tangents at P 

Draw TJT perpendicular to Pp, 

Then TK : PL :: TP : PG and TK : pi :: Tp : pg. 

Again, draw GMy gm perpendicular to aSP, Sp respectively, 
and TN, Tn perpendicular to 8Py Sp respectively. 

Then TP : PG :: TN : MP :: Tn : mp :: Tp : pg; 

.'. TK : PL :: TK : pl\ 
,\PL^pl 



CHAPTER II. 

THE PARABOLA. 

1. The distance of the centre of the circle from the 
fixed point is equal to its distance from the fixed straight 
line, and therefore its locus is a parabola of which the fixed 
point is focus and the fixed straight line directrix. 

2. Through the vertex draw a straight line making the 
given angle with the axis ; the tangent at the point where 
the diameter bisecting this chord meets the curve will be 
the tangent required. 

Or, draw a radius vector from the focus, making twice 
the given angle with the axis. 

3. Since TA = AN, FN=2AY; .\ AY^=AS.AN. 

4. Let SY' be drawn perpendicular to the line through 
G parallel to the tangent. 

Then in the right-angled triangles YST, Y'SG, 
ST=SG, and the angles YST, Y'SG are equal ; 

.-. SY=SY\ 

5. Draw iSF perpendicular to the tangent and YA 
perpendicular to the axis. 

Produce SA to X, making AX equal to SA. 

Then the straight line through X perpendicular to SX 
is the directrix. 

6. Let the circle touch the fixed circle in Q, and the 
straight line in R\ let P be its centre, and S the centre of 
the fixed circle. 

Produce PR to if, making RM equal to SQ, then the 
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straight line MX drawn through M parallel to the given 
line is a fixed straight tine. 

Then, since SP is equal to PMj the locus of P is a 
parabola of which S is focus and MX directrix. 

7. Draw SY, SY^ perpendiculars on the two tan, 
gents. 

Then, if SA be perpendicular to YY\ A is the vertex. 

Produce SA to X, making AX equal to AS ; X is the 
foot of the directrix. 

8. If the tangent at the end of the latus rectum meet 
PNinQ, 

QN=XN=SP. 

9. Since aSTP and PNS are right angles, P, iV, S, Y 
lie on a circle ; 

/. TY.TP=TS.TN. 

10. SEhhaUTP, 

and P2^=PN^+TN*=4AS.AN+4AN^; ' 

.'. SE*=AN. XN=AN. SP. 

11. Jf SY he drawn perpendicular to the tangent and 
A be vertex, SA F is a right angle ; 

.'. A lies on the circle of which SYis diameter. 

12. Draw aS" Y perpendicular to the tangent, then if the 
circle described with centre S and radius equal to a quarter 
of the latus rectum meet the circle described on SYas 
diameter in A, A is the vertex. 

Produce SA to X, making AX equal to SA, then X is 
the foot of the directrix. 

13. SN : SP :: SN' : SP\ 

or AN-AS : AN+AS :: AS-AN' : AS+AN'\ 
.-. AN : AS :: AS : AN' ; 

.-. AN.AN'=AS\ 
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Again, 4AS. AN : 4AS^ :: 4AS^ : 4AS.AN'; 

/. PiV« : SB* :: aS«« : P'iV'*, 

or FN : SR :. /S'/2 : PIT; 

.'. the latus rectum is a mean proportional between the 
double ordinates. 

14. Let V be the middle point of the focal chord PSP*, 
and let the diameter through V meet the curre in Q ; 
then, a QT, QM be the tangent and ordinate at Q, and 
VL be ordinate of F, 

rZ = QJf and TM=SL) 

.-. VL^f^QM^:=4AS.AM=2AS.TM=2AS.SL. 

Hence the locus of F is a parabola of which S is vertex 
and SL axis. 

15. If P, P' be the given points, PJT, P'iT perpendi- 
culars on the directrix, the focus is the point of intersection 
of a circle centre P, radius PK with a circle of which •P' 
is centre and P'K' radius. 

In general two circles intersect in two points, there- 
fore two parabolas can be drawn satisfying the given 
conditions. 

16. If PG be normal at P, the triangles PNG, pPR 
are similar ; 

.-. Pp : PN :: RP : NG ; 

.-. JKP=2i^G^= latus rectum ; 

.'. the locus of R is an equal parabola having its vertex A^ 
on the opposite side of Xy such that A A' is equal to the 
latus rectum. 

17. Let P, P be the given points, S the given focus. 

A common tangent to the circles described with centres 
P, P and radii PS, P^S respectively will be the directrix. 

18. If 8P be the focal distance and /S' IT perpendicular 
to the tangent at P, Y lies on the circle of which SP is 
diameter. 
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Also the angle A YS =i\ie angle JSP F; 
/. A Y touches the circle. 

19. The tangents at the ends of the focal chord PSP^ 
meet in F on the directrix at right angles : also the straight 
line through F at right angles to the directrix bisects PP^ 

in F; 

.-. FV=-FP=VP'; 

.'. the directrix touches the circle described on PP^ as 
diameter. 

20. Draw the farther tangent to the circle parallel to 
the given diameter, then the locus of the point is a parabola 
of which the centre is focus, and the tangent thus drawn 
directrix. 

21. Draw a straight line parallel to the given straight 
line, on the farther side of i^ and at a distance from it 
equal to the radius of the circle, then the locus of the point 
is a parabola of which the centre of the circle is focus, and 
the straight line thus drawn directrix. 

22. Let Q be the centre of the circle touching the 
sector in R and ACin M. 

Through C draw CB at right angles to AG, and on the 
same side of it as Q, and draw "QN perpendicular to the 
tangent at B, 

Then NQ + QM^ BC=^ CQ-\-QR\ 

.*. Q lies on a parabola of which C is focus and BN direc- 
trix. 

23. Y is the middle point of TP and Z of PG; 
therefore YZ is parallel to the axis. 

24. If SQ be perpendicular to the normal PG, 

rQ=QG, 

and if QMhe the ordinate, NM=MG ; 

.-. SM^AN and PN=2QM; 

.-. QM^=-AS.AN=AS,SM; 
•'. Q lies on a parabola of which S is vertex and aS^ axis. 
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25. The triangle PSG is isosceles; therefore GL is 
equal to PN. 

26. If the circle described with centre S and radios 
equal to the perpendicular from S on the tangent at P 
meet the circle of which SP is diameter in F, and the angle 
SYA be made equal to the angle SP Y, then the foot of the 
perpendicular SA on YA will be the vertex. 

27. Since SQ is double SA, ASQ (and likewise QSP) 
is equal to the angle of an equilateral triangle ; 
therefore SP and SQ are equally inclined to the latus 
rectum. 

28. QX^=SX^+SQ^'h2SX,SQ 

=4:AS^+QG^-h2SQ.NG 

= 4AS^+QN^ + 2Q]Sr.NG+NG^+2SQ.NG 

=4:AS^+ Qm + NG^ + 2NG. SN 

^4AS^+NQ^'+2AN,NG 

= 4AS*'hQN' + PN'^=4AS^+QP', 

29. The angle 

SPF= SPG - FPG = SGP - GPH^ SEP ; 
therefore the triangles SPF, SHP are similar ; 

/. SF.SH^SP^-SG^. 

30. A, B, C,^ lie on a circle ; therefore, if D be the end 
of the diameter drawn through S, DA, DB, DC are per- 
pendicular to SA, SB, SC respectively. 

31. Since PQ and PR are equally inclined to the axis, 
the circle through P, Q, R touches the parabola at P\ 
therefore PQ is a diameter of this circle. 

Therefore PRQ, the angle in a semicircle, is a right 
angle. 

32. Let MR and AQ meet in V, 
Draw the ordinates VW, RZ, 
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Then MfV : MZ :: WF : BZ i\ AW : AN; 

:. MW : ATT :: MZ : AN; 

.-. AN : AfV:: AZ : AN. ^ 
Again, VIF* : QN^ :: AW^ : AN^; 

/. VW^ : BZ^ :: AJV : AZ; 
:, V lies on the curve. 

33. Let P, Q be the given points. Bisect PQ in F, 
and draw VT parallel to the axis meeting the given tan- 
gent P in T, 

Draw PS, QS such that TP, TQ may be equally 
inclined to the axis and to SP, SQ respectively. Pas', QS 
meet in the focus. 

Through P di*aw a straight line PZ^parallel to the axis, 
making PK equal to SP, then the straight line through IT 
at right angles to PJT will be the directrix. 

34. Let P be the vertex and Q VQ be corresponding 
ordinate. 

Take Min VP produced such that 

QV'^AMP.PV. 

Make angle TPS equal to the angle MPT, PT being 
parallel to QQ, and msJke PS equal to PM, 

Then S is the focus, and the straight line drawn through 
M at right angles to PM is the directrix. 

35. PM^ ; QN^ :: AM : AN, QN being the ordinate 

oiQ; 

.-. AM=4tAN 2indiZAM=4NM ; 

.-. ^AT=4QN=2PM. 

36. Draw PN perpendicular to AB, 

Then AN : NP :: CQ : AC :: A^P : AC; 

/. PN^^AC, AN 

Therefore the locus of P is a parabola of which A is 
vertex and AB axis. 
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37. The triangles LKP, PSK, KSA and TKA are 

similar ; 

.-. KL^ : SP^ ;: ZP« : KS^ v,KA^ : AS^ :: TA : AS 

;: /SP-AS : AS. 

38. With centre S and radius one-fourth of the chord 
describe a circle meeting the parabola in P. The chord 
through S parallel to the tangent at P will be the chord 
required. 

39. PN^=4AS.AN=4AS.AN'+4AS^ 

= P'N'*+N'G'*=P'G'*. 

40. If Ppf P'p* be two parallel chords, and F", V 
their middle points, VV is a diameter. Let FPmeet the 
curve in Q. 

Draw Q,T parallel to Pp^ then Q2* is the tangent 
atQ. 

Produce FPto a point 3f such that PV^=4QM , QV, 
then the straight line drawn through M at right angles to 
MViB the directrix. 

Make the angle TQS equal to the angle TQM, 

Then if QS be made equal to QM, S is the focus and 
the straight line through S perpendicular to the directrix 
is the axis. 

41. Let the tangents at P and P' intersect in T. 
Then 4SP.PF : A^P.PT 

iiPT* : PV'^ :: TP^ : TP'* :: SP : SP ) 

.-. pv^^rv. 

42. If in the preceding Example P'T meets PVin Z 
and the sides of the triangle ABC are parallel to ZP, PT 
and rZ respectively, 

AB : AC :: TZ : TP \\ TF : TP. 

43. If V^ Fbe the vertices of the diameters bisecting 

Pp. Qq. 

PS.Sp : QS.Sq :: SU : SV :: Pp : Qq, 
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44. Draw R TF, LZ parallel to QQ'. 
Then PL* : PE^ :: LZ* : BW* 

::QF^ : BJV^ :: PV : PW w PN : PB ; 
.'. PL*=PB.PN. 

45. This question is solved in Oonics, Art 212, p. 217. 

46. PIP : AN^ :: AM* : QM* ; 
.-. ^^aS^ : AN :: ^if ; 4AS, 

47. Let ^P, Ap meet the latus rectum in L and / 
respectively. 

Then PN* : ^X^ :: AN* : ^a^' :: ^iV : An, (Example 13) 

:: PN* : pn* ; 

.*. SL=pn. 
In like manner Sl=PN 

48. If PJT, QL be perpendicular to the directrix, and 
QU to P^ produced, the angle SPQ^HiQ angle QPL' ; 

.-. PL'^SP^PK; 

.-. SQ=QL=Kr=2PK=2SP. 

49. Is equivalent to Example d2. 

50. Let Q be the point of intersection, and let QJC bo 
the ordinate of Q. 

Then AK: : QiT :: PN: NT; 

.-. 2AK,AN=QK:.PN=PN* = 4AS.AN; 

.-. ^jr=2^;S; 

or Q lies on a fixed straight line parallel to the directrix. 

51. Let 7)7, Tq be the fixed tangents, and let PQ touch 
the curve in B, 

Then SP^=Sp . SB=Sq . SB=SQ^ ; 

.-. SP=SQ. 
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52. Let TMhQ the ordinate of T, and T^ perpendi- 
cular to SP, 

.*. the locus of T is a parabola of which XS is axis. 
If T IV =2 AS, TM^=4AS. XM, or X is the vertex. 

53. Let the chord PQ meet the axis in 0, and the 
tangent at A in F, 

Then by Art 48, VO^=VP.VQ; 

.'. F is a fixed point, and the locus of ^ is the circle 
of which F is diameter. 

54. Let the diameter TF meet the curve in R. 

Then the tangent at E, being parallel to PQ, meets TP 
at right angles in Z on the directrix. 

Also TZ : ZP :: TB : RF; 

.-. TZ=ZP. 

Therefore Tand P are equidistant from the directrix. 

55. Let PT meet the axis in t 

Then PQ : PT :: 2PF : PT :: 2PG : Pt, 

:; 2PN : Nt :: PN : AN. 

56. If the tangents TP, TQ are equal, T lies on the 
axis. 

Let the tangent at R meet them in p and q. 

Then, since T, p, q and S lie on a circle, the triangles 
Sq r, SpP are similar ; 

.-. Tq : pP :: TS : SP \ 
.'. Tq=pP. 
So Tp=qQ. 
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67. AN.NL = PN^=4AS.AN; 

/. NL = 4AS. 
But . NG = 2AS; 

.*. LG = half the latus rectum. 

68. By Art. 6, P'S, Q'S are the external bisectors of 
the angles P£IA, QSA ; 

therefore P'S^ is a right angle. 

59. The angles TCS, DRS are equal, being supple- 
ments of equal angles SCP. SRC^ Art 35. 

And the angle CTS= TQS=RDS; 

.'. the triangles TCS, DRS are similar; 

.-. DR : TG :: RS : SG :: RG : GP ; 

.-. PG : GT :: GR : i22>. 

Similarly TD : DQ :: GR : RD. 

60. Let AD and XP intersect in Q, and let Qif be the 
ordinate. 

Then QM : DS :: AM : AS and QM : PN :: XM : XN; 

.-. AM : XM :: AS : XiV'; 

.-. AM : AS :: -4/S : AN; 

or Q is on the parabola. 

61. By Example 18, YY\ the tangent at the vertex, is 
a common tangent. 

SY^=AS.SP, SY'^=AS.Spi 

.\ YY'^=SY^ + SY'^=AS.Pp, 

62. If P r be the diameter bisecting AQ, 

AM^4AN. 
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Also AM,MR=Q]iP--4AS . AM; 

.-. MR =4 AS. 

Now focal chord parallel U} AQ 

= 4SP=4XN=4AS+AM=AJt, 

63. Let AEf CP meet in p. 

Draw pNf pD perpendicular to CAy CE, and let Dp meet 
the tangent at A in M. 

Cp : CP ;: CD : 6'72 :: Np : C72 :: ^iV : AC; 

/. Cp=AN=pM. 

Therefore the locus of p is a parabola of which C is 
focus and AM directrix. 

64. If QMQ' be the common chord, 

9AS'' = 4A(^=4AM' + 4QM^-=4AM'+16AM.AS; 

.-. AM is half AS. 

65. Let the fixed straight line ^JTmeet the tangent at 
P in A'. 

Draw ATF' at right angles, and S Y' parallel to KP. 

Draw Y'A' perpendicular to the axis, and KL parallel to 
BA. 

Then, since Arr=AS'F', SA'=KL = BA 

therefore ^4' is afiied point. 

Therefore KY' touches the parabola of which S is focus 
and A' vertex. 

66. QD.DR = QM^-'DM'^^QM*-PN^ 

=^4AS. AM-4:AS. AN=4AS. PD. 

67. Draw the double ordinate QMq; then, if the 
diameter through Q^ meet Qq in D\ 

QD\D'q = 4AS.Q'D'. 
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Now NT : PN :: Q'l/ : QD' :: I/q : 44/^; 

.-. D'q : 4^/^ :: 2AN : PN :: PiV' : 2AS ; 

.-. 2PN=:iyq=iyM+Mq = QM+gM'. 

Therefore the line through P bisecting QQf is parallel to 
the axis. 

Hence the locus of the middle points of a series of 
parallel chords is a straight line parallel to the axis. 

68 K Take CP, CQ two tangents such that PCQ is two- 
thirds of a right angle ; join SO cutting the curve in M, 
and draw the tangent AEB. Then, Art. 38, 

CSP - CSQ = 1 200, and 04/2 = iCSQ = 60«; 
.'. CAB is equilateral. 

69. Draw AZ, AN perpendicular to the tangent and 
SY respectively, and draw SM perpendicular to ZA. 

Then SM^=AN^= YN. NS=ZA . AM. 

Therefore the locus of jS' is a parabola of which A is vertex 
and ZM axis. 

70. If GZ be diiwn parallel to P F and SZ to PG, 
then SYfSZKte equal. 

Therefore, ilZB be perpendicular to the axis, BS=AS. 

Hence GZ touches an equal parabola of which B is 
vertex and JS focus. 

71. If pqr be the triangle formed by the given straight 
lines, describe a parabola passing through p, q and r having 
its axis parallel to AS, (Ex. 45.) 

If » be the focus of this parabola, draw SP parallel to 
sp, PQ to pq, and PB to pr. 

Then PQ : pq :: SA : sa :: PB : pr, 

and the angles QPB, qpr are equal. 

^ If a parabola touch the sides of an equilateral triangle, 
the focal distance of any vertex of the triangle passes through 
the point ol contact of tiie opposite side. 

B. C. s. 2 
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72. Let BWhe the ordinate of B. 
Then 

AN* : AW^::PN*:ETn::PN*:QAn::AN:AM; 
.'.AN : AW :: AW : AM, 

or WN : AN :: MW : AW; 

/. BL : QB :: AN : AW :: PiV^ : NL. 

73. Let P F be the ordinate to the diameter BQM. 
Then PM : JKJf :: PN : TN 

:: 2PN. AS : 4^^^ . ^iV^ :: 2AS : PN ; 
.-. PM.PN=2AS.BM. 
But PJf2=4^^.Gr=445'.i2e; 

.-. i2if : BQ :: 2PN : PM :: PP' ; PJf ; 
.-. QM : QB :: P'M : PJf. 

74. Let PP be the chord, TPTr its diameter, BQM 
the line parallel to the axis. 

Then PM : BM :: PF : TF :: PF : 2WF 

:: 2FP.aS'FF : 4(S'^. ^F :: 2SW : PV ; 
:. PM.PV=2SW.BM. 

But PM. MP'=4SW. QM, 

.-. BM : QJf :: 2PF : MP, 

or /^e : QM V. PM : MP'. 

75. aS'/S, Sr are the exterior bisectors (rf the angles 
Pas'©, p/SQ respectively. 

Therefore BSr is a right angle. 

Therefore SD, which is half the latus rectum, is a mean 
proportional between DB and Dr. 

76. Let P VP' be parallel to the given straight line, 
Q V'Q the chord joining the two other points of intersection 
of the parabola and circle. 

Let the diameters through F and V meet the curve in 
p and p\ 
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Then pp^ is a double ordinate ; draw Vff parallel to 
pp^ to meet p V, 

VV*\a perpendicular to QQ\ and therefore parallel to the 
normal at p' ; 

.-. VV : p'g :: VH : p'n ; 

77. The arcs 0^7" and B V are equal, since Q Fand UR 
are parallel 

Therefore QR and UV are equally inclined to Q F, that 
is to the axis. 

But QR and the tangent at P are equally inclined to the 
axis ; 

therefore UV is parallel to the tangent at P. 

78. VR : VR :: VR : V'Q! :: PV : PV 

:: QV^: Q'F'» :: QV^ : VR'^; 
.-. VR.VR'=QVK 

79. If FR, QE meet the tangent at P in V and T, 
TE : J^e :: Fi? : RF :: Pi^ : FQ, (Ex. 74.) 

Therefore ^Pis parallel to TP. 

80. If Q be the vertex of the diameter bisecting the 
chord Rr which meets the diameter PWin W^ 

R}V.TFr=4SQ.PJV. 

Therefore the rectangle under the segments varies as 
the distance of the point of intersection JV from P. 

81. QSf Q'S are equally inclined to SP, and therefore 
to the axis. 

Therefore Q^S meets the curve at the end of the double 
ordinate QMq^ and, since AM, AM = AS^^ the semi-latus 
rectum is a mean proportional between QM and Q^M. 

Also, since the diameter through P bisects QQ^y PS is an 
arithmetic mean between QM and Q'M\ 

2—2 
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82. BJB' will bisect CA' in V. 
Let V be the middle point of B'B^\ 
VV IB parallel to the axis. 

And BB" is parallel to FV\ and therefore to the axis. 
Similarly A A'* and (7C are parallel to the axis. 

83. Let C be the centre of the circle. 

The angle between tangents to circle =PCP'=2PSP' 
= 4 times angle between the tangents to the parabola. 

84. The tangents at the ends of the focal chord PSP" 
will meet in T on the directrix. 

If the normals at P and P* meet in Q, TQ will be parallel 
to the axis. 

Let TQ meet the curve in p and PP^ in V, Let QM be 
the ordinate of Q. 

Then XM= TQ=2 TV= 4Sp = 4X«. 

Therefore, if we take B in XM such that XB=^S, 

BM=4An, QM^=pn^'=4AS.An=AS.BM, 

Hence the locus of Q is a parabola of which B is vertex and 
BM axis. 

85. Produce PA to P', making AP' equal to AP, 

On AP' BA diameter describe a circle meeting the tangent 
at P in T. 

Join TA and produce to iV, making ^iV equal to A T. 

In ^iV^take a point S such that PN^=4AS.AN, then S 
is focus. 

86. If (7 be the intersection of the normals and Q vertex 
of the diameter bisecting PSp, 

PS.Sp=AS. Pp=AS. TG, 

87. If pq be a tangent parallel to PQ, Tp^pP, and 
Ti Pt q, S and lie on a circle. 

Therefore the angles TSO, TpO are equal, and TpO is 
a right angle. 
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88. SM^ : AN* :: QM^ : PN^ :: AM : AN; 

/. SM*=AM.AN. 
So SM^=AM\AN; 

:. MM' . AN^MM' . {SM-SM') ; 
/. SM-SM'^AN. 
MM'^SQ-SQ; 
.'. MM' : SM-SM' :: -4P : AN; 
.'. MM' = AP. 

89. If P, Q, P, Q! be the points of intersection, PC, 
P'Q' are equally inclined to the axis. 

Hence the middle points of PQ and P'Q' are equidistant 
from the axis. 

Therefore, if P, Q be on one side of the axis and P'Q' 
on the other, the sum of the ordinates of P and Q is equal 
to the sum of the ordinates of P' and Q". 

If P' be on the same side of the axis as P and Q, the 
ordinate of Q! is equal to the sum of the ordinates of P, Q, 
and P'. 

90. Let the diameter through T meet the curve in W^ 
PQ in F, and PN in t. 

Let WP^Z be the ordinate of W; draw Qq parallel to the 
axis to meet PN 

QM.PN=PN.qN=tN^-'PC^ JFZ^-4AS. WV 

= 4AS,AZ-4AS. LZ=4AS,AL. 

91. pX ; XA :: PN : AN :: 4AS : PN 

:: 4^/S'. Cilf : 4AS.AL. (Ex. 90.) 
So gX : XA :; PiV ; AL ; 

.-. pX-hqX : XA :: PN+QM : -4Z ; 
.-. pX+qX : PN+QM :: X^ : ^Z :: <X : TZ. 
But NP+QM = 2TL; 

.', pX+qX=2tX, 
or pt=tq. 
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92. Let TFy TD be drawn parallel to PE, QE normals 
at P and Q. 

The angle TFQ = PEQ = supplement of P 2*0 = TSQ ; 

.'. 0, Sy F, 7* lie on a circle. 

Therefore TSF is a right angle. 

So TSD is a right angle, and DFgoes through S, 

93. If pq be a tangent parallel to PQ, Tq^qQ. 
Also, T, p, q and /S' lie on a circle ; 

therefore the angles Tpq, TSq are equal. 
Therefore TSq is a right angle. 

94. Let RO be the diameter through the given 
point 0. 

Take T in OR produced such that TR : RO in the given 
ratio. 

If TP be a tangent, the chord POQ will be divided as 
required. (Ex. 74.) 

95. If QN be the ordinate, 

BP + PQ= QN-^ BX- NX= BX+ QN- SQ, 

which is greatest when QN=SQ, that is when Q is on the 
latus rectum. 

96. If SZ and PG meet in Q and Q 7* be ordinate, 
TA : AS :; QZ : ZS :: QP : PO :: TiV^ : NO; 

.-. TN=2TA. 

97. If Q F be the ordinate of the point of contact, 

TP=PF. 

Therefore the distance of V from TQ is twice the distance 
of P, or the locus of F is a straight line parallel to TQ. 

98. If TPSQ be the parallelogram, the angles TSP, 
T/SQ are equal; 

therefore TPSQ is a rhombus and Tlies on the axis. 
Therefore TSP is the angle of an equilateral triangle. 
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99. If SZ, SZ' be the perpendiculars on the second 
tangents, TQ, TQ' and PP^ be the common tangent, SY 
perpendicular to it, 

Uicn angle A'SY=ASY= YSP ; 

/. A' lies in SP, and A in SP' ; 
.-. SP=^SP'. 
Now SQ.SP=ST^=SQ'.SP; 

,\ SZ=SZ^, 

100. If the tangent meet AY in Y and the other 
parabola in Q, 

QM*^\AS,AM, AY*=AS.AT, 

QM : AY=MT : AT; 

.-. 2TM^=:AT.AM. 

This can be constructed by taking ^^fsJfT*, or by taking 
A]if=2ATf the two solutions corresponding to the two 
points in which the parabola is cut by the tangent. 



CHAPTER III. 

THE ELLIPSE. 

1. SI>'=B(P=CS.SX. 
Therefore CDX is a right angla 

2. ST, SP are equally inclined to PT, since pST is 
parallel to S'P. 

Therefore ST=SP. 

3. PN : PO' :: SY : SP :: BC : CD 

:: PF : AG :: ^(7 : PG\ 
Therefore PN=AC. 

4. T lies on a circle of which QQ^ is a diameter and V 
centre ; 

therefore VT= VQ. 

Now QV^ : CP^-CV^ :: CD^ : (7P«, 

or rr« : CV. Ct-CV^ :: C7i)^ : CPl 

Therefore TF : VC :: Ci)* : C7P" 

Therefore CT : CF :: CD^+CP^ : CP', 
or Cr* : CV, CT :: AC^+BC^ : CPl 

Therefore CT^=AC^+BC\ 

6. Through T draw a straight line at right angles to 
AA' meeting APy A'P in E, E. 

Then ^r : PN :: ^2* : ^iV :: CT^CA : CA-CN. 
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Now CT : CA :: CA : AN; 

/. CT+CA : CT-CA :: CA+AN : CA-CN; 
.'. JET : PN :: ^'T : A'N :: iS^'T : PN. 

Hence PT bisects any straight line parallel to ET termi- 
nated by A'Py AP. 

6. Draw CD parallel to the given line, and CP parallel 
to the tangent at £>. 

The tangent at P will be parallel to CD and the gi?en 
line. 

7. SR : XE :: SA : AX :: SR : /SX. 
Therefore XE==SXy 

and -4r=^^. 

8. Draw GL perpendicular to SP, 
Then PL=^SR, 

and /S'F : SP :: PX : PG^ :: 8R : P^ 

The angle SPS' is greatest when SPY is least, that is 
when SY : SP or BC : 67> is least. 

Hence SPS' is greatest when CD is greatest, that is when 

CD^AC. 
Hence SPS' is greatest when P is on the minor axis. 

9. CE'^=CP^-¥PN^-^2PF.PE' = CD^+CP^ 

■¥WD.PF^AC^^BC^^1AC\BC\ 
:, CE=AC+BC. 
So CE=AC-BC. 

{lOP'\-CDf=^AC^-^CB^ + 2CP . CD, 
which is greater than {AC+BC)\ since CP,CD is greater 
than PP. (72> or -4(7. -Sa 
Similarly CP-^CDh less than AC-BC. 

10. Let S'Q drawn parallel to /SP meet the normal in 
X.BXid SYinQ, 
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Then ^^= S'P and KQ=SP) 

therefore • S'Q=AA\ 

11. SYiS'Y' 7.YP'.PY' ::TP-TY,TT-TP 

:.PG-SY:8'Y'-PG. 

12. PS'Q is the supplement of QPS' + PQS\ 

and is therefore equal to the excess of twice QPT+PQT 
over two right angles, 

that is, is the supplement of twice PTQ, 

13. Since CZ and SP are parallel, the angle 

CZP=SPY=SNY; 
therefore Y, Z, C, N lie on a circle. 

14. Let AQ and SP meet in R. 

Then SA : SB :: /S'Gt : /SP :: SA : ^X 
Therefore R lies on a circle of which S is centre. 

15. Since E'Pt is a right angle, t lies on a circle which 
passes through S^ P, S', K^ 

tlierefore GK : SK :; >S"6? : SP :: SA : ^X, 

and /S'< : tK :: .ST : SP :: 5(7 : CD. 

16. If SP meet /S"F' in Z, then since /S"y'= FZ, 
/SF' will bisect P(?. 

17. Let the circle whose centre is P touch the circles 
whose centres are S,IlmQy R, 

Then SP+ PH=SQ-^QP-^Pir=SQ+HR. 

Hence the locus of P is an ellipse of which S and H are 
foci. 

18. TN : TC :: PN : (7if. 
Therefore TN.NG : 6'r.iV^6? :: PN* : (7^PiV: 
But PN^=TN.NG. 

Therefore CT.NG=Ct. PN= CJP. 
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19. TP : TQ :: CD : AC :: BC : PF :; PG : 5a 

20. PN^ : AF.A'r :: 2W» : TA . T-4' 

:: TN^ : CT^-CA^ :: ^fW : Cr 
:: CT-CN : CT :: CA^-CN^ : CA^ ; 
.-. AF.A'F'=BC\ 

21. The perpendiculars from Ton aS'P, /S'C, 2?P, HQ 
are all equal 

Hence a circle can be described with centre T to touch 

SP,SQ,HP,HQ. 

22. If P, Q be two points of intersection, 
PC bisects the angle ACa and QC bisects A'Ca, 
Therefore PCQ is a right angle. 

23. If /S'P, ^C meet in i?, 

PSQ-\-PHQ=^2PRQ-SQH-SPH, 
and SQH-^ SPH+ 2BQ r + 2RP T= 4 right angles, 
.-. P/S'Q+PiyQ= twice the supplement of QTP. 

24. Since ty P, S, g lie on a circle, 
the angle PSt = Pgt = STP, 

26. qiM : PiJf :: BC : AC :: Pi\r ; QN. 
Therefore Q^M : CN :: (7Jf : CiV: 

Therefore QQ^ passes through C. 

26. SY : iSP :: BC : C2>. 
Therefore ^ST. CD=SP. BC. 

27. If T be intersection of tangents at A and B, 
then, since Tt7 bisects AB^ it is a diameter of the conic. 
Therefore the tangent at C7 is parallel to AB. 

28. The angles SP T, HPt are equal 
Also TP.Pt^CD^^SP.PH, 
or TP : SP :: HP : Pt. 
Therefore SPT, HPt are similar. 
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29. PE^PE'^AG. 

Therefore SE=HE\ and the angles SCE, HCK are equal 

Therefore the circles circumscribing SCE^ HCE' are 
equal. 

30. The angles KPG, GPL are equal ; therefore KL 
is a double ordinate of the circle of which PG is diameter. 

31. If Q be the centre, QN the ordinate, and T, T 
the points where the tangent at P meets the tangents at 
the Tertices, 

QN^ : SN.NH :: AT, AT : AH, AS :: BC^ : ^'^S^. 

(Ex. 20.) 

32. Since the tangents are equally inclmed to SP, S'P 
respectively, the bisector of the angle between them bisects 
SPS'i and therefore passes through the point' where the 
axis minor meets the circla 

33. If PQRS be the quadrilateral, p, q, r, s points of 
contact, Hthe focus, 

the angle pHP = PHs, pHQ = Qffq^ 

SHr=SH8y rHR=RHq. 

Therefore PHQ + SHE = PHS^ QHR = two right angles. 

34. SG : SO :: SP :: /ST (see Ex. 16) 

:: CD : BC :: PV : VA. 

35. The normals at P and Q will meet on the minor 
axis in K, 

Then angle between the tangents =PJrQ=P/S'(2. 

36. The auxiliary circle lies entirely without the ellipse 
except at A and A ; therefore AA is the greatest diameter. 

The circle described on BB as diameter lies wholly 
within the ellipse ; therefore BB is the least diameter. 
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37. Let any circle passing through N and T meet the 
auxiliary circle in Q, 

Then €N. CT= CA « = CQ\ 

Hence CQ touches the circle at Q, and the circle cuts the 
auxiliary circle orthogonally. 

38. The angle PNY=PSY=PS'T = PNY\ 
Therefore PY : PY' :: NY : NY\ 

39. PQ'' : TQ^ :: SY.S'Y' : TY, TY\ 
But TiS?^TY.TY\ 
Therefore Pq^=8Y, S' Y'=B(P. 
Therefore PQ=Ba 

40. If QN and PM be the perpendiculars on the 
given lines passing through C, R their point of intersection, 

RN : QN :: CP : CQ\ 

therefore the locus of R is an ellipse of which the outer 
circle is the auxiliary circle. 

41. SP : S'P :: 8Y : S'Y' :: SY^ : BC\ 
and S'Q : SQ :: S'Z' : SZ :: B(P : SZ\ 
Therefore SP.S'Q : S'P.SQ :: SY'^ : SZ\ 

42. Let Ca^ Ch be the conjugate diameters^ and Pm, 
Pn ordinates of P. 

Then Cm, CM=Ga\ 

and Cn.CN^Ch^\ 

.-. CM.Pm : (7a2 :: Cb^ : Pn,CN; 

.'. the triangle CPM varies inversely as the triangle 
CPN 

43. 
CAV : CPT :: CA^ : (7T« :: CN : CT :: CPN: CPT; 
therefore the triangles CA F, CPN are equal. 
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44. Let TPQ, Tpq be the tangents intersecting the 
auxiliary circle in P, Q, p, q. 

Let E,e.he their middle points. 

PE^-^p(?^ET^^ T^- TP . TQ^ Tp . Tq 

^CT^-2TP. TQ=CT^+2CA^-2CT^=SC\ 

45. Let QQ' be a diameter equally inclined to the axis 
with the conjugate to P'P. 

Then the circles described through P, P', Q and P, P',Q' 
will touch the ellipse at Q and Q^. 

Hence Q, Q' are the points at which PP' subtends the 
greatest and least angles respectively. 

46. Draw the tangent Qr, 

Then, since the angles PSQ, QSr are equal, Q always lies 
on the tangent at the end of the focal chord HSr, 

47. The triangle YCY' will be the greatest possible 
when YCY' is a right angle : P will then lie on the circle 
of which SS^ is diameter. 

This intersects the ellipse in four points, provided SS* 
is greater than BB\ 

48. The points where the lines joining the foci of the 
two ellipses meet the common auxiliary circle are points 
through which the common tangents pass. 

49. The circle passing through the feet of the perpen- 
diculars is the auxiliary circle of the ellipsa 

60. Draw QiV perpendicular to AB. 
Then QN : NA :: BP : AP :: CA : AT, 

and QN : BN :: AT : AB. 

Therefore QN^ : AN. NB :: CA : AB. 

Therefore the locus of Q is an ellipse of which AB is msyor 
axis. 
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51. PG, GN, NP are at right angles to CD, DR, RC 
respectively. . 

Therefore the triangles CDR, PGN are similar. 

Therefore PG : CD :: PN : CR :; BC : AC. 

52. Let PS, QS meet the ellipse and circle again 
in p, q. 

And let P'Cp^ be the diameter parallel to SP. 
Then, since pq is an ordinate, 

SQ : SP :: Sq : 8p :: Qq : pP :: AA' : Py. 
Again, PS.Sp : AS.SA' :: CP^ : CA\ 

Therefore SR.Pp : 2J5C* :: P'p'^ : ^^'^^ 
or Pp : ^^' :: P^'a . ^^/2, 

Therefore /SQ : SP :: ^^' ; C^, 

and Qq^P'p', 

53. If /SP meet S" Y' in Z', SL' =:AA'; 
therefore SR=AC. 

54. Since the directions before and after impact are 
equally inclined to the tangent at the point of impact, the 
lines in which the ball moves will touch a confocal ellipse 
or hyperbola. 

55. Let the tangent at P meet the tangents at A and 
^'inPandP'. 

Then, since the angles PSF, FSA and PSF\ F'SA' 
are respectively equal, S (and similarly S') lies on the circle 
of which FF' is diameter. 

56. P', 2>', the two angular points, will lie in PN, DM 
respectively. 

Therefore P'N : NC :: DM : NC :: BC : AC. 

Therefore P' lies on a fixed straight line through C. 

Similarly Q' lies on the other equi-conjugate diameter. 

67. The angles SPS', STS' are equal by Ex. 15. 
A .SPaS" : STS' :: SP.S'P : ST.S'T :: CD" : ST". 
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58. If T be the centre, then, gince the angles TSP, 
TSA are equal, Tulles on the tangent at A. 

59. Let QL be the ordinate of Q, 
Then QL : LS :: CN : NP, 
and QL : Z/S^ :: CM : MD, 

QI^ : SL.8V :: CM .CN : PN.DM :: ^0' : ^(7», 
or Q lies on an ellipse of which ^aS^ is minor axis. 

60. If P is the corresponding point on the ellipse, and 
SZ the perpendicular on the tangent to the circle, 

SZ : AC :: CT-CS : CT :: AC^-CS, CN : AC^ 

:: SP : AC; 

.\ SZ=SP. 

61. The tangent at Q is parallel to the normal at P ; 
.*. the tangent at P is parallel to the normal at Q, 

62. If PQ P'Q be the parallelogram, the angle DHE 
is the supplement oi HPQ! -^ HQP' \ 

that is, of SPQ + SQP\ that is, of DSK 

Hence S^ jET, D^ E lie on a circle. 

63. Let the line through C parallel to the tangent 
meet the directrices in Z, Z', 

Since the auxiliary circle is fixed, SYy S'Y' are fixed 
straight lines meeting ZZ' in fixed points y y'. 

And Cy . 0Z= CX . CS^ CA\ 

Therefore Z and Z^ are fixed points. 

64. The angle iS"TZ=/STF=ASZF= complement of 
YZT. 

Therefore YZ and S'TaxQ at right angles. 

66. If 6? be the centre of the circle, GL bisects SP at 
right angles. 

Therefore SP is equal to the latus rectum. 
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66. If CZ be perpendicular to YY', the perimeter of 
the quadrilateral is equal to 88' together with twice 
CZ+ZYy which is greatest when CZ^^ZY^ that is when 
8P8' is a right angle. 

67. Draw 8Z perpendicular to 8'Z the straight line on 
which 8' lies. 

Let P8'F be the chord parallel to 8Z, 

Produce PP' both ways to M and M\ so that 

S'M^8'M'=AA\ 

Then the lines drawn through M and M' perpendicular to 

SZ are fixed, and 8P = PM, 8P' = P'M, 

Hence the ellipse will touch two parabolas having 8 for 
focus. 

68. Let TQ, TQf be tangents, Fthe middle point of 

Then QV. VQ'^CP^-CV^^CV. FT 

Hence Q, Q', C, T lie on a circle. 

69. Draw Qif perpendicular to the minor axis. 
Then QG^ : AG^-CN^ :: BC^ : AC^, 

or QG^ : BG^ :: AG^-GN^ : AG\ 

Therefore BG^-GN^-QN^ : GN^ :: BG^ : AG\ 

or BG^-MG^ : QM* :: AG^+BG^ : AG^ 

Therefore Q lies on an ellipse of which BB^ is minor 
axis. 

70. If QM be the ordinate of Q, 

AM^ : GN^ ;: QM^ : PN^ :; AM. MA' . AG^^GNK 
Therefore AM.AA' : AM^ :: AG* : GN\ 
or 2GN^=AG.AM. 

But AQ.AO : GP* :: AM. AG : GN* ; 

therefore AQ.AO= 2GP*. 

B. C* S« ti 
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71. SP : SN :: SC : CQ :: SC : AC-QR. 

Therefore SP.^CSP . QB+SN. SO. 
But JSP : XS-^SN :: SC : CA 

or SP.AC=^XS.SC-^SN.SO. 

Therefore SP . QB-^XS. SC=B(P. 

72. If the tangent meet the tangent at ^ in 7*, and 
S^Yt S*Z be perpendicular to TS^ and the tangent, 
Ty Af Y, S', Z lie on the circle of which S'T is diameter. 

The angles YTZ,ATS' are equal since ATS.S'TZ are 
equal Art 68. 

Therefore the chords YZ^ AS' on which these angles stand 
are equal. 

73. If P, Ci P^t Q! be the parallelogram, jt?, g, ^', q[ the 
points of contact, "pq^ p'q! are parallel focal chords bisected 
by PCP'. 

But QGQ! bisects pp\ qq[ and is therefore conjugate to 
PGP* and parallel to pq, p'q*. 

Therefore CQ = CQ:=CA 

74. If T be the point from which the tangents are 
drawuj 

ST, S'Tbto perpendicular to TP', TP respectively. 
Therefore SP, S'P' are both parallel to CT. 

76. CS^ : CA^ :: CQ : CN :: CG.CT ; OAT. CT, 
Therefore CG . (7^= (7/52. 

76. If PO be the normal at the point of contact, 

CG.CT^CSK 

Therefore (7 is a fixed point and P lies on the circle of 
which GT\& diameter. 

77. Let the given straight line jt?^ meet the axis t. 
Let the tangents at p and q meet in Q. 

Let CQ meeipq in V and the curve in P 

Through P, Q draw PQ, QG' perpendicular to pq, meeting 
the transverse axis in G and G\ 
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• Then CO' : CG :: CQ : CF :: CP : CV :: CTiCt; 

:. CG\Ct=CG.CT=CS^, 
or G^ is A fixed point. 

78. Draw SY perpendicular to the tangent ; produce 
^y to Z making L Y= Y6\ 

The point of intersection of the circles described with 
centres L and P', and radii A A' and AA^— SP respectively 
will be the second focus. 

79. Draw SY, SY perpendicular to the given tan- 
gents. 

The point of intersection of circles described with 
centres Y and Y', and radius equal to CA wiU be the 
centre. 

80. If OS be drawn perpendicular to PQ, S will be 
one focus. 

If SP, PS' be equally inclined to OP and SQ, QS' to OQ, 

S* will be the other. 

Bisect SS' in (7, and take CA in SS' such that 

2CA=SP'^PS\ 

If ^ be the foot of the directrix, 

CX . CS= CA\ 

81. Qq : Aq :: PN : AN, 

and Rr : rA' :: PN : NA\ 

Therefore Qq . Rr : Aq . A'r :: PiV* : AN, NA' 

i:BG^iAC^mSL:AC. 

Now Aq : qA' :: Aq* : Qq\ 

and A'r : rA :: A'r^ : Rr^. 

Therefore Aq.A'r : Ar.A'q :: AC^ : SI?. 

82. By Ex. 76. CT : CS :: OS : CG; 
therefore TS : CS :; SG : CG. 

But TY : PY :: TS : SG; 

/. TY* : PF8 ;: CS* : CG^ :: CT ; CG :: FZ : PZ. 

3—2 
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83. If be the intersection of the lines 

0(P=AC*+B(P. 

84. TP : TQ :: OP : CQ, 
and the angles PTQ, P'CQf are equal 
Therefore PQ is parallel to P'Q'. 

85. S, P, t, S" lie on a circle, and the triangles SOt, 
P YS are similar. 

Therefore St : Ct :: SP : SY :: CD : BC, 

or ' St.PN : Ct.PN :: CD.BG : B(P. 

Therefore St.PN^CD.BC, 

86. If the tangent at Q meet the minor axis in f, 
the angle SQS'=St'S\ or ^ is on the circle. 

Now QM,Cf= BC' = PN, Ct. 

Therefore QM : PN :; Ct : Clf :: ^ : (7^+/^* 

:: BG : 5C+ C2> by Ex. 85. 

87. If S'Z be perpendicular to TY, 

the angle aS'2Y= complement of TZY\ (Ex. 64) 

= half supplement of YCY* the angle at the 

= CYY' ; and STY=S'TY\ 

88. The tangents at L and Z^ are perpendicular to the 
tangent at P, and therefore D and ly where they meet the 
tangent at P are on the director circle. 

Now DL : DP :: />'Z' : DP; 

therefore PQ bisects the angle LPL\ 
Therefore LP + PL' = diameter of director circle. 

89. AB^ AE are equally inclined to BC^ 
and AB^=AD.AE. 
Therefore .<!l^ is a tangent. 

90. If the tangent at P meet the tangent at .^ in I^ 
TS, TS' bisect the angles PSA, PS' A. 
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91. If the chords of intersection NO, PQ jneet in T 
and CDy CE, CI/, C'E' are parallel radii, 

CD^ : CE^ :: TN. TO : TP . TQ :: CD^ : OE\ 

92. If PN meet CD in K, 

PK : PQ :: SQ : /S'P' :: SA : ^X, 
and PiV^. Pir= P(3^ . PP= J^CT*. 

Therefore PQ varies inversely as PN. 

93. Draw perpendiculars ^ F, CiST, ^' F', >SZ, CF, S'Z' 
on tangents 2P, TQ, 

then CT*=CF^+ TF^=CZ^+ TZ, TZ'=CA^^SY. S' Y' 

= CA'^+CBK 

94. If the circle meet the minor axis in iTand Z, the 
tangents at P and Q meet either in iT or Z, see Ex. 15. 

95. This problem is equivalent to Ex. 45. 

96. Let CV bisecting the chord QSQ' meet the curve 
in P and directrix in T, 

Let DCiy be the parallel diameter. 

Then SB : SC :: CS-CB : CS :; CT-CV : CT 

:: CS^-CQ^ : S(P :: SO. GS' : CS^ 

:: SP. PS' : CA^ :: CD^ : GA^ :: Qq* : Diy^ 
by Art 76. 

97. Let the tangent at Q meet PN in P^ and the axis 
in U. 

Then CT . CN^ CA^ =CM.CU; 

therefore CT : CM :: CU : CN, 

or 7!iJf : CM :: iV!7 : C7iV: 

But PN. QM : Q'it/« :: TN : TJf, 

or PN, Q'M : CM. MU :: CN. NT : CJIf . NU. 

Hence PN .QM . CN.NT v.CM.QM : CM.P'N 

:: QM^iP'N.QM, 
Now PiV* : CN.NT :: BC^ : AG' :: QiP : Q'JIfa. 
Hence PiV. CJtf^ : PiV2 :: Q^M' : P'iVT. Qilf. 
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Therefore P'N : PN w AC \ BG, 

or P is on the auxiliary circle. 

98. The diameter bisecting PQ is fixed, hence Fthe 
centre of the circle, is a fixed point 

VM bisecting RS at right angles, is a fixed sti^ght 
line; 

PQ and RS are equally inclined to the axis ; 

.'. CM and CV are equally inclined to the axis. 

Therefore Jf is a fixed point, and RS a fixed siraigbt 
line. 

99. The angle BSC 

^BAC^SBA^-SCA^BAC^HBC^HCB 
= BAC^ supplement of BHC 
Hence if BHC is constant, BSC will be constant. 

100. The angles SPT, HPt are each equal to SQH ; 

also STP=tQS-PtH 

= HPt-PtH^PHL 
Therefore TP : SP :: HP : Pt, 

or TP.Pt^SP.HP^CB^. 

Therefore CT^ Ct are conjugate. 

101. CT bisects PQ and is parallel to SP ; 

.*. T is the foot of the perpendicular from S* on PT, 
See Cor. (3), Art. (66). 

102. SC : CY is Si given ratio and SY is fixed. 

103. Take p a point near and let the focal chord p'S^ 
meetjc7^in 0; 

PQ :PV ::pO.Oq \ p'0 ,0q[ :: ST.Oq : Sp' .0^ 
:: ST,pq : /S^ . />V ultimately. 



The Ellipse. 39 

104. Dropping perpendiculars from the focus on the 
sides, their feet are the middle points, and, as they lie on a 
circle, form a rectangle ; the diagonals, intersecting in H, 
are therefore at right angles, and SAD can be proved equal 
to HAB. 

105. If CD, CP meet the directrix in E and 6?, ES is 
perpendicular to the chord of contact of tangents from E^ 
which is parallel to CF. 

106. If CP, DC meet the tangent at ^ in Q and i^ 
prove that AQ.AB=BC^=4S.AS\ 

Then QSA^ABS', and QBA=AQSr. 



CHAPTER IV. 

THE HYPERBOLA. 

1. If the circle whose centre is P touch the circles 
whose centres are S and ^ in Q and R^ 

SP'-HP^SQ-HR. 

Therefore P lies on an hyperbola of which S and H are 
foci. 

Therefore the triangles SCD, 8DX are similar. 

3. If the straight Hue meet the curve in P and the 
directrix in F, 

SF : SX :: CS : CA :: 8A : AX :: SR : SX. 

Therefore SF=SR. 

Draw PX perpendicular to the directrix. 
ITien PF : PX :: SC : CA :: SP : PX. 
Therefore SP=PF. 

4. Draw SDy SJy perpendicular to the asymptotes. 
Then DD' is the directrix. 

5. If the asymptote meet the directrix in 2), then DS 
drawn at right angles to CD meets the axis in the focus. 
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6. If PK, QL be the perpendiculars from the given 
points on the directrix PS—SQ^PK-QL wliich is con- 
stant. 

Therefore S lies on an hyperbola of which P and Q are foci 

7. If the circle inscribed in the triangle ABC tonch 
the sides in D, E, F; B, C, D being given, 

BA'-CA=BF-EC=BD-Da 

Hence A lies on an hyperbola of which B and C are foci 
and D a vertex. 

8. PN : Pg :: SY : SP :: BC : CD 

:: PF : AC :: AC : Pg. 
Therefore PN^AC. 

9. Draw CD parallel to the given line and CP parallel 
to the tangent at />. 

Then the tangent at P is parallel to CD and the given line. 

10. Let A'P and P'A meet in Q, and draw the ordinate 
QM. 

Then QI^ : A'M :: PN : NA\ 

and QM : AM :: P'N : NA. 

Therefore QM* : AM. MA' :: Pm : AN.NA' 

:: BC^ : AC\ 
or Q lies on an hyperbola having the same axes. 

11. Let the tangent at P, AP and A'P meet the 
minor axis in t^ E and E'. « 

Then CE : PN :: (74 : AN :: CA.A'N : AN.NA\ 
and C^' : PiV :: CA.AN :: AN.NA\ 

Hence CE-CE' : PiV :: 2(7^« :: AN.NA', 
Now PiV^2 . AN.NA' :: PiV.C* : ^C^; 

therefore CE-CE' =2Ct. 

Therefore Pf bisects every line perpendionlar to AA 
terminated by A'P^ A P. 
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12. SPT 18 an isosceies triangle sinoe pST is paranel 

to srp. 

Therefore SP=ST. 

13. Draw SD perpendicular to the asymptote and iSX 
parallel to it 

If TS bisect the angle PSK, T being on the asymptote, 
TP is the tangent at P. Draw SY perpendicular to it. 

Then CM which bisects 2> F at right angles will meet 
the asymptote in the centre C. DX drawn perpendicular 
to CS will be directrix. 

14. If the tangent at P meet the tangents at A and A' 
in Z and Z\ ZS and Z'S are the internal and external 
bisectors of the angle ASP, 

Hence the fod lie on a circle of which ZZ' is diameter. 

15. Draw PK perpendicular to the directrix and DS 
at right angles to the asymptote. 

Draw exs at right angles to the directrix meeting it in x. 

With centre P and radius PS such that SP : PK\\ cs : eD^ 
describe a circle meeting Ds in S, 

Then S is the focus. 

16. Draw Qg', Pp and Rr, Qq parallel to the asymp- 
totes. 

Then CP : CQ :: Cp : Cq" :: Cq : Cr :: CQ : CR. 

17. QC^-CB^ : CIP-CA^ :: B(P : AC^ 

:: PN^ : CN*-CA\ 
Therefore PN^ = QB . QB\ 

18. DN : NA :: QM : MA and ^iV : NA' 

:: e^ : Jlf4'. 
Therefore M> . iV^ : AN.NA :: Q^^ . AM. MA' 

:: Pm : AN.NA^ 
or PIP=ND.NR 

19. ^, A\ Y, Z lie on the auxiliary circle. 
Therefore AT. TA'=: YT.TZ. 
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20. If the tangent at P meet the ajsymptotes in L 
and L\ CD=PL=PL'\ therefore Q divides LU in a 
constant ratio. 

Draw QH, QK parallel to the asymptotes. 

Then QH, QK varies as €L . CL' and is therefore constant. 

Therefore Q lies on an hyperbola having the same asymp- 
totes. 

21. This is equivalent to the preceding. 

22. Since SK= S^K,K\iQ^ on the circle passing through 
8, S' and P, and since KPt is a right angle, t lies on the 
same circle. 

Therefore GK : S'K :: SG : SP :: SA : AX, 
and St : tK :: SY : SP :: BG : CD. 

23. Let P, P' be the points of trisection of the arc SS' 
and let XM bisect i^/S^ at right angles, then SP=2PM 
and^P'=2P'ilf. 

Hence P and P^ lie on hyperbolas of which S and S^ are 
foci and XM directrix. 

If C, Che the centres CS^^CX and CS'=^GX, 

Therefore C and (7' are the points of trisection of the chord 
SS\ 

24. Draw SZ parallel to the asymptote : the angle 
STQ=TSZ=TSP. 

Therefore SQ=QT. 

25. Since the hyperbolas have the same asymptotes the 
ratios CS : BG : GA are constant. 

Let NP be the fixed line x)arallel to an asymptote, and 
PQ proportional to an axis. 

Then PQ^ varies as GS*, that is, as GN,NP, that is, as 
NP. 

Hence Q lies on a parabola having NP for a diameter. 



44 The Hyperbola. 



-c- 



26. FY.PY'=AC^-CP'=CD^''BC^=CjS* 

27. Let TP meet the other asymptote in T\ then 
PT=PT\ 

Therefore PQ=BfP^ QR. 

28 Draw OrB parallel to PQ, meeting the ellipse and 
hyperbola in r and R, 

Let Day Oh be the axes, then since OP^ Or are conjugate 
in the ellipse, and OQ, OR in the hyperbola, if PN, QM, 
rl, RL be the ordinates, 

0N.0h = rL0a; PN.0a = 0l,0b\ QM.Oa 

= OL.Ob; OM, Ob=RL, Oa, 
Therefore PN : ON :: QM : OM 

since rl : 01 :: RL : OL, 

or OP and OQ are equally inclined to the axes. 

29. Through S draw SO parallel to the bisector of the 
angle between the asymptotes meeting the asymptote which 
is given in position in (7. 

Draw SD perpendicular to that asymptote, and DX to CS, 

Then if A be taken in CS such that CA^=CX.CjS, A 
is vertex. 

30. If the tangents at P and Q meet in T, then skice 
the perpendiculars from T on SP, SQ, HJPy HQ are 
all equal, a circle can be described with centre T to touch 
SPy SQ, HP and HQ. 

3L If CLf CL' be the asymptotes, S will lie in the 
bisector of the angle LCL\ 

Draw PLy PL parallel to the asymptotes to meet them in 
L and L' \ 

and take S in CS such that CS} = 40Z . CL', 
tlien iS' is a focus. 
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32. If the coiyugate diameters PCP', DGD' be giyen, 
complete the parallelogram LMUM formed by the 
tangents at 2>, jP, D' and P'. 

The diagonals LL\ MM are the asymptotes and the axes 
bisect the angles LCM^ LGM'. 

33. Let Qr and RQ meet the asymptotes in L and M. 
Then QL : PH :: RH : TL :: CR : CT 

:: i23f : TK :: PJE^ : C^; 

therefore QL . 0-^^= P^BT . PK, 

or Q is on the curve. 

34. Let CL bisecting the angle ACR meet PN in Z, 
draw QM parallel to LC. 

' Then CL is proportional to (7iV; 

therefore CL . (73f is proportional to CN. NT+ CN\ that 
is to CA\ 

Hence Q lies on an hyperbola of which CL and CB are 
asymptotes. 

35. Draw S Y perpendicular to the tangent and produce 
it to Z making YZ=SY. 

Then if Q be the point of contact, and P the fixed point, 

HP-PS^HQ-QS^HZ; 

therefore HP-HZ=PS, 

or the locus of ZT is an hyperbola of which P and Z are 
fed. 

36. If P T, Pt the tangents to the ellipse and hyperbola 
meet BC in T and t^ then since the curves have the same 
conjugate axis, for CA* =CS*^ CB^ 

Ct.PN=BC^=CT.PN, 
or CT= CU 

37. This problem is the conyerse of Ex. 3. 
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38. If G be the point of intersection 

CG=iCP, 
or G lies on an hyperbola having the same sflymptotea. 

39. The angle CYT^S'P Y'=S'NY' since ^, P, N 
and Y' lie on a circle. 

Therefore F, Y\ G and iV lie on a circle. 

40. If SY meet ST in Z, ^8^= FZ ; therefore /S" F 
bisects PG, 

Similarly SY' bisects PG. 

41. ^C72 : ^C/2 .. j^Q . (72vr :: CT.NG : CN. CT-, 
therefore CT. NG = BGK 

42. '^hemz\QSTP=TS*P + S'PT=TS'P'¥SPT 

= PaS"/S'+ /SS"^ = supplement of PSt. * 

43. Pt.PT=^GI>'=SP.S'Py 

or /SP : Pr :: Pt : S'P; 

and the angles SP T and ^P/S'' being equal^ the triangles 
SPT^ tPS' are similar. 

44. The circles SCE^ S'CE stand upon equal chords 
SG, S'G and conUin equal angles SEC, S'E'C, since GE is 
parallel to the bisector of SPS\ 

45. If the tangent at P meet the tangent at Ay the 
vertex of the branch on which P lies, in T, QTis the centre of 
the circle inscribed in the triangle SPS\ since TS^ TS 
bisect the angles ASP, ASP, 

46. CT : CA :: CA : CN :: CP : CQ, or ^Q is 
parallel to PT, 

47. C^ : CA :: CS : CA; 
therefore CE= CS; but CD = CA, 
Therefore AD and /Si? are parallel 

48. If E be the centre of the circle and EK its radius, 

EK I CE :: BC : SC, 
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or EK : CA :: BG : SC+BG 

:: {SG-BG) BG : GA\ 

And SR : GJS :: BG : -4(7 :: SB : ^(7; 

therefore i?i2' : SB :: GS-BG : BG, 

or BR' : C/y-^BC; :: SB : 5C7 :; BG : (7X 

Therefore EK^BB\ 

49. PM=PL ; 
therefore (7X = G Jf. 

50. If (7a, Gh be the conjugate diameters and one 
hyperbola touch the ellipse in P, the tangent at P will 
meet Ga, GbinT^t, such that TP=Pt=GD. 

Hence PD is bisected by Gt, 

and tD touches the other hyperbola and is parallel to GP. 

51. If LL' and JO/' be the tangents, 

GL : GM :: GM' : GL', 
or LM' and Z'Jf are parallel 

52. If the tangent at P meet the tangents at A and 
A* in F and P' and QM be the ordinate of the centre of 
the circle, 

QM : MS :: /S'^ : AF, 

and C^ : MS' :: ^'^' : ^'J?*. 

Hence QM^ : SM.MS' :: /S^^ : -^J^'.^'P' :: aS^^* : BG^ 

(Art. 126). 

Hence the locus of Q is an hyperbola of whidi S and S' are 
Tertices. 

53. If PM be perpendicular to the directrix, 

PK ; PM :: GS : GA :: a^^ ; ^X :: SP : PM, 
or Pir= SP. 
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54. Let PD meet an asymptote in n, draw PI, Dm 
parallel to Cn, 

Then Dm , Dn= Pn , PI 'y 

therefore Dn=Pn, 

Therefore if LPU is tangent at P, LD is tangent at 2), 
and CPy CD are coiy agate. 

55. If QR meet the asymptotes in q and r, qQ=rR; 
therefore if EPe be the tangent at P, 

CL : CN :: qQ : Pe :: PE : qR :: CW : CM. 

56. If the circle intersect the axis in b, B, 

CB.Cb=CS^ 
or (7J52+ CB.Bb=CA^ + CB^; 

therefore CB.Bb=CAK 

57. Let the straight line q'Q'APQq meet the asymp- 
totes in Q', Q. 

Draw RCR' parallel to AP terminated by A'q, A'q\ 

Then PQ'^AQ^^CR^Qq, 

and QY = CB'^AQ'=PQ; 

therefore Pq ' = Pq. 

58. 7* is the centre of the circle inscribed in the 
triangle PS'Qj therefore the difference between PTQ and 
half PS'Q is a right angle. 

59. Draw CD, CE parallel to OA, OB and PH, PK 
parallel to and terminated by CE^ CD. 

Then PH : OD :: CK : CE :: CP : CA :: CB : CP 

:: CD : CH :: OE : PK-, 

therefore ' PH. PK= OD . OE, 

or P lies on an hyperbola having CDy CE for asymptotes. 

60. Draw PH, PK, QH\ QK' parallel to the asymp- 
totes. 

Then PL : QM :: PH : QH' :: QK' : PK :: QN : Pi?, 

or PL.PR^QM.QN. 
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61. If TK^ TN be perpendicular to the directrix and 
SP, TK=SN. 

Therefore ST : TK :: ST : SNa, constant ratio, 

and the angle between the asymptotes is double PST, that 
is, double the external angle between the tangents. 

or . QV*-\-Q'V^=2RV\ 

Again CT. CV= CP^=CV. CT ; 

hence CT= CT' 

63. If r be the middle point of PQ, then since R, V 
are the middle points of LRL' and LPQl^ RF \& parallel 
to the asymptote CX7. 

Hence PJf + QN= 2RE. 

64. If TP, TQ be the tangents, PTQ, STS' have the 
same bisector which passes through the point where the 
circle meets BCB', 

65. The tangents at P and Q intersect in < on the 
circle and BCB'. 

Hence the angle PtQ=PSQ, 

66. The angle PNY= PSY^' PS' Y' = supplement of 
PNY'. 

67. The triangle YCY' is greatest when YCY' or 
SPS' is a right angle. 

In that case PT meets BC in t such that Ct=CS; 

therefore CS. PN= Ct . PN= BC^. 

68. The triangle SPS' : triangle StS' :: SP . PS' : St^ 
:: CD2 : jst\ 

69. iS'P is parallel to CFand/S"C to CZ. 

Therefore S'T is parallel to bisector of YCZ and is 
perpendicular to YZ. 

70. If 69^ be the centre of the circle, GL bisects SP ; 
therefore SP = 2PL = 2SR. 

B. C S. A 



50 ^« Hyperbola. 

71. The tangent at Q is pnrallel to the normal at P, 
therefore the tangent at P is parallel to the normal at Q, 
or CP is conjugate to normal at Q, 

72. If Y be the point from which the tangents are 
drawn, SP and S'P' are both parallel to CY. 

73. SC* : A(P :: CQ : CN :: (7Gf. CT : CiV. CT, 
or CG.CT=^S(P. 

74 By Ex. 73, G the foot of the normal is a fixed 
point ; 

therefore P lies on the circle of which TO is diameter. 
76. If TP, TQ be the tangents, CT will bisect PQ in 

and CT,Cr=CT^, 

or /'Q is a tangent at V, 

76. Let OQ meet the conjugate in G', 
Then ^(3^' : QG :: (7iV^ : iV^O^ ;: AC^ : 56'1 
Therefore, by Art 111, QG' is normal at Q. 

77. If PM be drawn perpendicular to the directrix of 
the parabola the angle PTQ^SPT-SQT^hfiXi SPM- 

half aSQ/S" = half /S/S'Q. 

78. If abed be the quadrilateral and S lie on the 
circle the angle Hcd=^/Scb=Sdb=Had, 

or His on the circle. 

79. If PP' be the chord of contact and CV bisect 
PP' then CF, PP' are parallel to a pair of coiyugate 
diameters in both conies. 

Hence if from a common point Q, a double ordinate 
QVQ' be drawn parallel to PP\ Q' must lie on both 
curves. 

Similarly BR' the line joining the other two common 
points is parallel to PP\ 
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80. If SD, 8D' are perpendiculars from the common 
focos.on the asymptotes, DD^ is the tangent at the yertex 
of P Snd a directrix of H, 

If P be a common point, and PM perpendicular to 

SP : PM :: SO : CA, 
but SP=PM+SX. 

Therefore SP : SX :: CS : CS-CA :: CS : AS. 
Hence AS. SP=SX. CS=B(P=AS. SA \ 
or SP^A'S. 

Therefore A'P touches the parabola at P. 

81. With centre P, the given point and radius of the 
given length describe a circle meeting the other asymptote 
in p. 

ThenpPQq is the line required. 

82. Let CB, CA be semiaxes of the ellipse, (7a, Ch of 
the hyperbola. 

Let PN meet the asymptote in Q, 

then QN* : CN^ :: Cl^ : Ca\ 

or Qlf^^CN^ : Ca^+CV :: CN^ : Ca«; 

but SP+S'P=2CA, 

and SP-S'P=2Ca. 

Hence 4CA . Ca=SP^''S'P^=SN^^S'IP=4CN. CS; 

therefore CA* : CS* :: CN^ ; Ca* :: QIP-¥Cm : 

Cc^ + Cb^ :: CQ* : CS*. 

Therefore Qlies on the auxiliary circle of the ellipse. 

83. Let Q be a common point. 

Then SQ'QH=AA' m^ SQ-QP=SP-2PH 

=AA'-PH. 

Therefore QP=QH+Pff, 

or Q must be the other extremity of the focal chord PH. 

4—2 
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84. liA'K meet the directrix in F, then, 
since SA'=2A'X, 

FA'S is an isosceles triangle and FS is parallel to KD. 

Also A'F : FP :: A'X : XN :: A'S : SP 
or FS bisects the angle A'SP; 

therefore if SP and DX meet in Q, QSD is an isosceles 
triangle. 

Therefore Q lies on the circle of which A^D is diameter. 

85. This problem is a particular case of Ex. 61. 

86. PL.PL'=Pr=CI>^=PG.Pg; 

therefore G, g, L^ L lie on a circle of which Qg is dia- 
meter. 

(7 is on this circle since GCg is a right angla 

The radius of this circle varies as Gg and therefore as CD 
and therefore inversely as the perpendicular from C on 
LL\ 

87. If PCP^^ DCiy be conjugate diameters and Q any 
point on the curve, 

eP« + eP^=2C7»+2Ce«; Q2>«+eZK2=2C2>2+ 2(762. 
Therefore 
C/»4.eP^-QZ>»-e^=2(7P2-2aZ>2=2^C»-25C^. 

88. If S'L\ S'M' be drawn parallel to the asymptotes 
LS\ MS' bisect the angles PS'Ly PS'M'. 

Hence LS'M=hsM[ the angle between the asymptotes. 

89. If Pr meets the tangent at A in F, VS bisects 
the angle ASP\ 

therefore SP :ST :: PF : VT :: AN : AT. 

90. If P is a point of intersection, let the tangent and 
normal of the ellipse at P meet the transverse axis in T 
and G, and the conjugate axis in t and g. 
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Then, P 7* being the normal of the hyperbola, the semi- 
axes of which are A'C and B^C, 

CT : CN :: S(P : A'(P, Art. Ill, 

/. AC^ : CN^ :: SC : A'C; 
.'.CN.SC=AC.A'a 
Again, Pg being the normal of the ellipse^ 

Cg : PN :: SC^ : BC^, Art 72, 

and Cg.PN^BC^, 

/. ^C» : PiV^a .. sc^ : B(P 

and 'PN.SC=BC.BV. 

Hence, if PiV meet the asymptote in Q, 
QN : CN :: BC : A'C, 
and it is easily deduce^ that 

QN : PN :: ^(7 ; BC. 

91. Let ABCD be the quadrilateral, ^, ^, and C 
being fixed points. 

Then AB+CD=^BC-^AD, 

or CD-DA = CB''AB. 

Hence 2> lies on an hyperbola of which A and (7 are foci. 

92. Since Q, S, O, ^ lie on a circle, the angle 

tQC=tSS'=SPt, 

hence CQ is parallel to iSF and CY^ SQ are equally 
inclined to /S'F; 

therefore SQ = CY=CA. 

93. Draw iST perpendicular to the tangent and pro- 
duce to Z making S Y= YZ, 

Then if P be the point of contact HZ=^ HP-SP^ AA\ 

Hence the locus of ^ is a circle of which Z is centre. 

94. RS and VS' bisect the angles PSQ and PSQ ; 
let QSy S'P meet m Z. 
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Then RSP+ ra'Q = half P/yG + half P/Sf'Q= half QSP 
+ half SZS'-hsAf SQS'= QSP +hf»]f ^P^-half SQST 
= QTP+ TQS-SQT=PTQ. 

95. CgP is an isosceles triangle, and the angle 

CGt=CPT=TCP; 
therefore PO^Ct And C£^=PG.Pg=Cg. Ct=CSK 

96. Since the asymptote CD bisects BA, CD is 
parallel to the axis of the parabola and BA is parallel to 
the other asymptote. 

If QP VP'Q' parallel to BA meet CD in F, 

Cr= re' and PF=FP'; 

therefore QP=Q'P'. 

97. Let EL be the ordinate of E, and draw EF 
perpendicular to PN, 

Then, CD being conjugate to C!P, the triangles CDM and 
PPi^ are similar and equal. 

.-. CL = CN+ EF= CN-^ DM, 

.'. CN : CL :: AC : AC+BC, 

and similarly EL : FN :: BC : BC- AC; 

.'. El> : {BC-ACf :: PN^ : BC* 

iiCN^-AC^iAC* 

:: CI^^iAC^BCf'.^AC'^BCf. 

98. If PM be drawn from the centre perpendicular to 
BC 

AP : PM :: PC : PM, a constant ratio; 

therefore P lies on an hyperbola of which A is focus and 

BC directrix. 

US he the other focus and SP meet the circle in Q 

SQ=SP-FA= constant, 
or, the envelope is a circle of which S is centre. 

99. The conies will be confocal ha?ing their foci H and 
H' on PG, 

such that PIP=PT, Pt=CD*. 

For their locus see Ex. 9 on the ellipse. 
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100. If SY, SZ, S' y, S'Z' be perpendiculars on tan- 
gents at right angles 

C7r»- (74«= TY. TY'=SZ. SZ'^CB'K 

If SYZ, 8'Y^Z* are perpendicular to parallel tangents 
and CIVW' be tbe perpendicular through the centre 

2CW=SY'^S'Y'', 2C}V'=SZ--S'Z\ 

and SY-SZ^STY'-^S'Z; 

Hence CW^''CW'^=CB^-^CB^. 

101. The chord QB is inclined to the axis at the same 
angle as the tangent at P and is therefore always parallel 
to a fixed line. 

102. TP and the asymptote subtend equal angles at S ; 

/. PS'T=£rTC=STP. 

103. SF^=FX*+SX*=CF^-CX^-^SX* 

= CF*'\-CS*-2CS.CX 

s square of tangent from F 
^FA.FB. 

104. If /S' be the focus of the ellipse and & of the 
hyperbola, 

CS : CA :: CA : C/S'; 

.*. 8 and S^ coincide with the feet of the directrices. 

The relation, CN. CT= CA\ proves that S and S' are 
the feet of the ordinates, and the relation, Ct,PN=^BC\ 
proves that t and f are on the auxiliary circle. 

Also Clf : CS=AC : CS^^CS" : Ct; 

.'. the tangent intersects at right angles. 

105. For PG^.P^=C2)8, Art 123,=PZ«-PZ.PZ', 
and the diameter of the circle is Gg, which varies as C/>, 
Art 123, and therefore inversely as CF. 



CHAPTER V. 



THE RECTANGULAR HYPERBOLA. 



1. The angle PCL= CLP =^ complement of LCY. 

2. QV^=VP. Fp, hence FQ touches at Q the circle 
QPp. 

3. LP=PM=CD=PG=Pg. 
Hence LGMib a right angle. 

4. If LM be the straight line, and G be the comer of 
the square, CL . CM is constant, hence LM touches an 
hyperbola of which CL, CM are asymptotes. 

5. Let AP^A'P* meet in Q, and draw the ordinate 
QM. 

Then QM : MA :: PN : JV^, 

and QM : MA' :: P'iV : NA'. 

Hence Qilf* : AM. MA' :: PiV^« : AN,NA' ; 

therefore Qif *=-43f . if^'. 

Hence Q lies on a rectangular hyperbola having AA' for 
transverse axis. 

6. If P, P' be joined to Q meeting an asymptote in 
/2 and Rf 

the angle 

QRL^CLP' QPL=LCP^PPQ= CRP=QRL. 
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7. Produce LP to JH making: PM^PL, then if MG 
be drawn perpendicular to the given asymptote CX, G is 
the centre. In GS the bisector of the angle LGM take 
8 such that GS is a mean proportional between GL and 

Then S is focus, and X the middle point of GS is the foot 
of the directrix. 

8. The angle DGL^PGLy 
and iyGL=P'GL] 
hence DGU=^PGP'. 

9. A diameter is a mean proportional between the 
parallel focal chord and ^^', therefore focal chords parallel 
to coigugate diameters are equal 

10. As in the preceding, focal chords at right angles 
are equal, since diameters at right angles are equal 

11. If GDy Gd be coi^jugate to GP in the ellipse and 
hyperbola, 

GD^=SP.PS*=:G€P=GP^. 

12. PN=GM; DM^GN; 
and GD=GP. 

13. 8P.PS'=GI>'=^GF^. 

14. QV^=GF^-GP^==GF^-GT.GF=GV.FT. 
Hence QF touches the circle GTQ. 

15. If 2> be the intersection of tangents at A and £, 

CI^=^AG^+BG^=SG\ 

Hence D lies on the circle of which SS' is diameter. 

16. If LP My O'PG be the tangent and normal to one, 

LP=^PM=GD=GP=PQ=PG'', 
therefore GQ' is the tangent to the second hyperbola. 

17. The angle GRT^ GQT+ RTQ = 2GLQ^ LTV 

= GLM+ GLT^ GLR + LGQ = TRQ: 
Hence C7, Ty R and R lie on a circle. 
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19. Let AQyARheihe fixed straight lines, and P the 
middle point of QOH, 

Through G tlie middle point of AO draw CH, CiTpariaiel 
to AQ.AR, 

and through P draw PffM, PJTiV parallel to AR, AQ. 

Then the complements AC, HK about the diagonal MN 
are equal. 

Therefore PH , PK\a constant, and P lies on a rectangu- 
lar hyperbola, having GH and GK for asymptotes. 

20. Draw QB perpendicular to AB, and make AB 
equal to GD, then J[ is a fixed point. 

Then AD : AB :: BG : C7Z) :: QB : i>P, 

or PD.DA=AB.BQ. 

Hence P lies on a rectangular hyperbola of which AB is 
one asymptote. 

21. If 2), E,F,Ohe the centres of the escribed and 
inscribed circles, 

OG.GF=DG.GE, 

since the triangles OGE, DGF are similar. 

Hence the hyperbola is rectangular since diameters at 
right angles are equal 

22. If the diameters of the parallelogram LML'M* 
meet in (7, the angle SIS' = SL'S', 

Hence S and iS' lie on a rectangular hyperbola circum- 
scribing LMUM. (Art. 137.) 

23. If PSq, SQq be the chords and 2> be a point on the 
directrix, such that DS bisects the angle QSp, then D will 
lie in pq. 

But DS is perpendicular to the asymptote since Pp, Qq 
are equally inclined to it, therefore D lies on the asymp- 
tote. 

Similarly Pq, Qp meet in />', the foot of the perpendicular 
from S on the other asymptote. 
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24. If V be the middle point of PQ and POP' be a 
diameter, 

the angle VNP = NP r= QPP = PO V. 

Hence O, P, F, N lie on a circle. 

If OQ meet the given tangent in T, produce OQ to F, 
making OV 2k third proportional io OT and OQ ; with 
centre V and radius, a mean proportional between VO and 
VT, describe a circle meeting the given tangent in P its 
point of contact. In the tangent measure olf 

PL=PM=OP, 

then OL and OM are the asymptotes. 

25. Draw PD perpendicular to the base QJ?, 
then, since PD^ = DQ . DR, 

DP is the tangent at P. 

26. Let a circle on DB meet the hyperbola in P and Q, 
draw the diameters PCP, QCQ'. 

Then, since the angle DPE is either equal or supplemen- 
tary to DPE and DQE to DQE, the similar circle on the 
other side of DEy will meet the curve in P* and Q'. 

27. Let JD, OBG be the fixed straight lines, PM, 
PN, PL perpendiculars from the centre of the circle on 
£Cf AD and the bisector of the angle AOB. 

Let PM, PN meet OL in m, n. 

Draw LI, LI', Pr, Pr^ perpendicular to BO, AD, LI, LV 
respectively. 

Then, BM^^MP^^AN^^NP^, 

or PN^^PM^=BM^-AN^ 

which is constant, 

PIP^{LP + Lr'f={Ll'-Lr)'+U.l'.Lr'=PM^-^U.l.Lr. 

Hence the rectangle LI . Lr is constant ; 

but LI : OL in a constant ratio and Lr : PZ is constant. 

Therefore PL . LO is constant, or P lies on a rectangular 
hyperbola having OL for an asymptote. 
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28. If P be the point of contact 

CL = 2PN, Cr=2CN; 
therefore CL . CL' =2Ca^= 4PN. CN, 
Hence CN. CL' : Ca^ :: Ca^ : PN. CL, 
or AC^ : (7a« :: Ca^ : CB^. 

29. Draw Cr coiy ugate to PQ. 
Then, the angle 

TPQ = PP'Q = PCr= CPQ' ; 
therefore the angles CPQ, TPQ' are equal. 

30. Let DB, DC meet the asymptotes in h and e : 
draw AHyAK parallel to the asymptotes. Then OBh^ 
OAK are similar triangles, also OCc, OAK, 

Hence 
OB : OA :: Oft : OK w OH: Oc :: -rfJT : Oe :: 0-4 : 00; 

therefore ^ lies on the circle of which BC is diameter as 
does/). 

31. Let the tangents at P and Q meet the asymptote 
in L and if. 

The angle 

PCQ^PCL" QCM= PLC" CMT^LTM 

= supplement of PTQ, 

32. Each hyperbola passes through the orthocentre of 
the triangle ABC, 

Hence D is that orthooentra 

Now the line joining the middle point of AB to the 
middle point of CD is a diameter of the nine point 
circle. 

And ^^+ 02)^ = square on diameter of circumscribed 
circle. 

Henoe the circles intersect at right angles. 

33. PN*=CN^-CA^=CIP-CN.CT=CN.NT. 
Hence the triangle CPN is similar to PTNy and therefore 

to^ro. 
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34. This problem is a particular case of Ex. 61 on the 
hyperbola. 

35. CMy CN which bisect PP', PQ! are conjugate 
being equallj inclined to the asymptotes; 

therefore PQ is a diameter. 

36. If ^^ be a diameter of the hyperbola, CD 
subtends, at A and B, angles which are both equal and 
supplementary, and are therefore right angles. 

37. If AQy BQ meet in R, the angle QJQ' = supple- 
ment of QBQ=BBP\ 

therefore R lies on the circia 

38. Let (7F, CP bisect PQ, P'C. 

The angle PRQ = PQL^ VCQ = CQ r, 
so PRfQ = CQV. 

Draw VM perpendicular to CQ, 
then PQ : QR :: FM : CF, 



and 


PQ : RQ :: FM : QF. 


Now 


PQ=2CF, 


and 


PQ=2QF; 


therefore 


QR^QR. 



39. Let PN meet CF in JT, 

then CF yaries as CG, and PF varies as PK, or Ct^ or 
CT. 

Hence PP. FC is proportional to CQ, CT or CS^. 

Hence P lies on a rectangular hyperbola having CF for 
asymptote. 

iO. If the tangent at Q meet in F the line joining the 
fixed points A and B, 

FQ^= FA . FB. 

41. If the chord QR meet the tangent at P in E, 

RPL = QPE=-PRQ. 



62 The Rectangular Hyperbola, 

42. If D be the point, 

CD.CT^2AC^mdiCD^Aa 

43. CP = CD and are equally inclined to the asymptote. 

44. Let BAD be the given difference, and draw CL 
parallel to AD, meeting BA in L, CAL, CBL are similar 
triangles; 

CL^^AL.BL. 

45. If tQT, HQT be the tangents, and SM perpen- 
dicular to the axis, 

SQM^SQT'MQT^S'Qlf'-CtT 

= QS'M^ QTC- CtT= QS'M; 

46. If V is the middle point of OP, 

OTF= VOT, V OTP is a right angle, 

«=OCr, Art 136; 

/. 0, V, Cy Tare concylic, and 

.-. VCT=VOT=OCF. 

Similarly, if U is the middle point of OQ, 

OTU= UTQ. 



CHAPTER VI. 

THE CYLINDER AND THE CONE. 



1. Take two points E and A on the generating line, 
and draw EX at right angles to the axis^ making ^X equal 
to^^. 

Then the plane containing AX^ and perpendicular to 
the plane EAX will cut the cylinder in an ellipse of the 
required eccentricity. 

2. Take two points E and A on the generating line 
and with centre A, and radius twice EA^ describe a circle 
meeting EF in X. 

Then the plane through AX perpendicular to the plane 
EX A will intersect the cone in an ellipse of the required 
ecc^itricity. 

3. Take two points EA on the generating line, the 
least angle ot the cone will he, when EA is double the 
perpendicular from A on EF^ that is when the semi-vertical 
angle is equal to the angle of an equilateral triangle. 

4. A tangent plane to a cone touches it along a 
generating line OF, hence OF is parallel to all sections 
parallel to the tangent plane which are therefore para- 
bolas. 

If G be the centre of the sphere FES, the ratios 
CS : CA and GA : CO are constant, and the angle OGS is 
constant, therefore GOS is constant, and 8 lies on a cone of 
which is vertex and OG axis. 
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5. Through the flames of the candles which are treated 
as points, draw planes intersecting in the ceiling, in a 
straight line, since these fixed planes must always be 
tangent planes to the ball, the locus of the centre of the 
ball is a horizontal straight line. 

6. The triangles AEX, A'E'X have all their sides 
parallel; 

therefore 
SA : AX :: EA : AX :: E'A' : A'X :: S'A : AX\ 

7. If C be the centre of the sphere FES^ the angle 
OCS is constant. 

And the ratios CE : CA, CE : CV, and CS ; CA are all 
constant ; 

therefore CS : CV h constant and the angle CVS is con- 
stant) or DS^ is a fixed straight line. 

8. Take two points E and A on the generating line 
and with centre A and radius AX, such that EA : AX in 
the ratio of the eccentricity, describe a circle intersecting 
FE in JT, the section of which AX is axis will have the 
required eccentricity. 

9. XS", XS^ are tangents to the same sphere FES of 
which C is centre. 

Let SS'y EF meet the axis in P, Z, and let CX meet SS' 
in M, 

Then CL.CVr= CM, CX= CE^, 

Hence Fand F' coincide. 

10. Draw CiV perpendicular to the axis, 
then ^CN^A^jy-AD, 

and 20N=0b+0D\ 

In CiVtake a point Q, such that 

QN : CN :: D(J^ : DA*; 
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then since 01/- OD : 2CN :: OD : DA, 

2QN : OD'-OD :: DO : DA; 

also AD + A'D^ : 20N ;: AD : DO, 

and A A'* = DD^ +{dD+ ADff. 

Hence QO" : Ol* :: 02>2 : da\ 

Hence Q lies on a sphere of which is centre, and there- 
fore G lies on a spheroid, having OD for its axis, which is 
oblate or prolate according as DO is greater or less than 
DA, that is according as the vertical angle of the cone is 
greater or less than a right angle. 

11. Draw a plane CT through C, the centre of the 
sphere perpendicular to the axis intersecting the tangent 
plane at aS in T, Then since the angles COE and GTS are 

. equal, and GE= G8, it follows that GT= GO, 

Hence S lies on the surface generated by the revolution of 
the circle of which GT is diameter. 

12. Only two circles can be described passing through 
S, and touching the generating lines in which the plane 
through S and the axis intersects the cone. 

If ST, ST be the tangents, and OS meet the circles in D 
and/)', 

the angle DST^ half SGD = half SCD = DST. 

Hence the planes of the corresponding sections make equal 
angles with OS. 

13. If the plane of section meet the plane through O 
perpendicular to the axis in the line ZZ', and PK be per- 
pendicular to ZZ' 

OP or OQ bears to PIT a constant ratio. 

Hence if P' in the projection corresponds to P 

OP : P'K in a constant ratio. 

But OP' is equal to the perpendicular from P on the axis 
which bears to OP a constant ratio. 

Hence the ratio OP : PK is constant. 

B. c. s. K 
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14. A'Q" QA = SS' and a right cone can be constracted 
of which Q is vertex, such that the generating lines inter- 
sect the ellipse. 

Hence 
FQ-^AS=AS-^QR + RP=AE+EQ + SP=AQ + SP. 

15. Through the vertical straight line which is the 
locus of the luminous point draw vertical tangent planes to 
the ball intersecting the inclined plane in O Y, OZ, The 
locus of C the centre of the shadow will be the straight 
line bisecting YZ, at right angles, SY, SZ being perpendi- 
culars from the point of contact of the ball on OY^ OZ 
which are tangents to the elliptic shadow. 

16. The given plane to which the sections are perpen- 
dicular must be supposed to contain the axis of the cone. 

Take OK on the generating line equal to AS, 

Draw KG perpendicular to OK, meeting a line through 
O at right angles to the axis in G, then G' is a fixed 
point. 

Draw G^if perpendicular to AS, 

then CE : EO :: OK : KG, 

or KG : KA :: AE : CE, 

Hence the angle KAG=ACE=hB]f KAM. 

Hence AS touches a circle centre G and radius GK, 

17. rP= VQ= FA + AQ=2AE-^AN=2AS+AN. 

18. EX', X'A' will be parallel to EX, XA. 

Hence if AF be drawn parallel to A'E\ the ratio of the 
eccentricities is AE : AF which is constant. 

19. The volume varies as the area A VA' and BC\ 

and the area A VA varies 9a AV , VA\ or AD . AD\ 
that is, BG\ 

Plence BC is constant 
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20. A'O -0A= A'E' -EA= AS- SA = S&. 

Hence the locus of is an hyperbola of which A and A' 
are foci. 

21. B€^=EG.CB. 

Hence the locos of C7 is an hyperboloid of revolntion 
generated by the revolution round the axis of the cone of 
an hyperbola of which OE, OE' are asymptotes. 

22. CA and EA are the bisectors of the angle OAS. 

Hence the sphere on CE as diameter, intersects the plane 
of section in a circle of which A A* is diameter. 



6—2 



CHAPTER VII. 
CURVATURE. 

1. SL being a foufrth of the chord of curvature at L 
through S, LG the normal is a fourth of the diameter of 
currature. 

2. The normal and tangent at L are equally inclined 
to the axis. 

3. Draw SO at right angles to SP, meeting the 
normal at P in O, and from O draw OQ at right angles to 
AP\ then the chord of curvature through A is 4PQ; 
drawing AZ perpendicular to TP, 

PQ : OP :: AZ : AP, 

or PQ.AP=^OP.AZ. 

Again, SP : PO :: AZ ; AT, 

or OP,AZ=:SP.AT; 

also PY : SP :: AT : TY, 

or PY^=SP.AT=PQ.AP. 

Hence 4PQ : 4P Y :: PY : AP. 

4. The diameter at P and SP are equally inclined to 
the normal at P ; hence chord of curvature parallel to the 
axis is equal to 4SP. 
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5. Let QM be the ordinate of Q, 
Then QM : MG :: PN : NG, 
or PN. MG = 2AS. QM=pn . Mg. 
Also Nn=.Gg. 

Hence Jlf6!f : Mg :: pw : PN, 

or Jlf6!f : Gg :: pn : pn-PN. 

Therefore MG : pn :: Nn : pn—PN :: pn^—PN^ 

: 4AS (pn-PN) :: pn + PN : 4AS. 

But QJf : ilfGf :: PN : 2AS] 

hence QM : 2PiV :: pn(pn + PN) : 16 AS^. 

If P and jt> approach each other indefinitely, Q is the 
centre of cunrature, 

and PQ : PN^QM :: PG : PN. 

But e^ : PN :: PiVT^ : 4AS^ ;: AN : AS; 

hence QM^PN : PiV :: ^iV+^^A^ : -4*9 :: /SP : ^^Sl 

Hence PQ : PG :: SP : AS :: PG^ : SRK 

6. If PK be perpendicular to the directrix and aS" the 
farther focus, 

SP : PK :: OA : CX; 

hence /SP= 1-4(7, 

and S'P^^AG. 

Therefore PE. PS'=iAC*=2SP.S'P=2CD^, 

or the circle of currature passes through S. 

7. If PF" be the chord of curvature through the focus 
and pp' the focal chord parallel to the tangent at P, 

PF.AC=2CI>^, 

or PV. AA'=Diy^^AA\ pp'; 

hence PV=pp\ 

8. Let Q be the middle point of the chord and QM its 
ordinate. 
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If PNP* be the doable ordinate, P^Q is a diameter. 

If PQ meet the axis in W^ 

JVM=TN=NJV; 

hence AM=»^ANy 

and QM^ = PN^ = 4^;^. AN=^ ^AS .AM; 

or Q lies on a parabola of which A is vertex and AS axis. 

Produce SA to iS"' making S'A=ZA8, and let PQ meet 
the tangent at A in Y\ 

Then ^ F'*= JPiV'2=M^. u4iV=3/S"^ . AN=S'A . ^ FT. 

Hence S'V u perpendicular to PQ, and PQ envelopes a 
parabola of which S' is focus and A vertex. 

9. DR and PCP' are equally inclined to the axis, and 
Z), R^ P, P' lie on a circle ; 

hence PRy DP' are equally inclined to the axis. 

So DQy PD' are equally inclined to the axis ; 

hence PR^ DQ are parallel, since DP\ PD' are parallel 

10. PG=CD^CP. 
Hence the radius of curvature varies as CP*. 

11. LP.PC=PT.Pt=CD'. 

Hence PL is equal to half the chord of curvature in 
direction PC. 

CP.CL=CP.PL-^CP'=CI^+CP^=AC^^B(P. 

12. The circle on PS as diameter touches the curve at 
P and goes through Q ; when Q coincides with P the circle 
becomes the circle of curvature. 

- 13. If the tangents at two near points P and Q meet 
in r, 

TP : TQ :: CD : CE. 
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Hence the difference of TP and TQ is very small con)- 
pared with either, and if a circle be described, of which the 
intersection of normals at P and Q is centre, to touch TP 
and TQ at P and Q, when P and Q coincide this becomes 
the circle of curvature at P. 

14. If C be the centre of curvature at the vertex, 

AC = 2AS. 
If PR be the tangent, 

PB?=CP*-CR^=PN*^CN*-'4JLS^ 

=2AG ,AN-^CN^^AC*=AN\ 

15. PCP' and the tangent at P are equally inclined 
to the axis. 

16. If be the centre of curvature, 

PCC^AG .C=PF.CD. 
But PO.PF^CJD^, 

hence PO^CB^PF, 

Hence, if with centre G and radius (7P, such that 

CP^=AG*-\-BC^-AG. BGy 

a circle be described, it will meet the curve in points, at which 
the radius of curvature has the required value. 

17. If PF be the chord and GQ be drawn parallel to 

2GD^^PQ,PV=Gt.PV. 
But Gt.PM^BG^, 

hence PV : PM :; 2GD^ : EG*. 

18. If PQ be the common chord of the ellipse and 
circle of curvature, TPt must make equal angles with both 
axes, or GT= Gt. 

Make the angle AGP such that 

PN : NG :: BC^ : AG^-y 
then GP will meet the ellipse in the point required. 

19. 8P is one-fourth of the chord of curvature through 
Sy hence PQ is half the radius of curvature. 
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20. If P F be the chord, 

Pr.P2) = 2{7i>*. 
But PN^ND, 

hence PV : CD :: CD : PN. 

21. PGt : PP :: PE^ : PC :: PE : Pg, 
or PF,PE^PG.Pg=CD'\ 

hence j& is the centre of curyature, 

22. Draw SQ at right angles to 8P to meet the normal 
in Q \ let the tangent at P meet the directrix in Z. 

Then PL : PS :: ZP : Z^y .: PQ : PS. 
Therefore PZ=PQ= half the radius of curvatura 

23. If CE bisect PQ, PCE is a right angle and 

PF.PE=CP*=CD*i 

hence PQ is equal to the diameter of curvature at P. 

24. OP : CP :: PQ : PP, 
or OP.PF=CP^=CD^; 
hence is the centre of curvature at P. 

26. If the normal at P meet J5C in JT; S, P, -&, ^ 
lie on a circle ; hence, when P coincides with B, K becomes 
the centre of curvature at B. 

26. If HT be produced to H' making JETT^ TH, 
TQ, PH' will be paraUel ; 

hence PR : RS :: H'T : TS :: TH : TS. 
Therefore PR : PiS^ :; TH :^TC :: JETP : 2CY :; ITP : 2(7^, 
or 2PR,AC=PS.HP=CD\ 

Hence P/2 is one>foarth of the chord of curvature through 

S. 
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27. If be the centre of curyature at A, 

SO : SA :: SA : AX. 

Hence curvature of ellipse is greater than that of parabola, 
and curvature of parabola is greater than that of hyper- 
bola. 

28. By Ex. 6, SP-^iAC, 

and SP : CY' ;: PE : PC. 

Hence PB : EP* :: 3 : 1. 

29. Let CQ^ be conjugate to CF and CP^ parallel to 
PQ. 

Then OE^ : OF^ :: OQ.OP : OF^ :: CR^ : CQ'^ 

:: CZ>2 : CQ!^ :: TP* : TF^ :: TE^ : TF\ 

Hence TEOFS& cut harmonically. 

30. Project the angle between the common diameters 
into a right angle; the ellipses obtained will be inscribed, 
symmetrically^ in a square, and will therefore be equal. 

31. SE^^Py'+iEP-Syf 

=SP^+EP^-2EP,Sy 
=EP^-Z.SP^. Art. 160. 

32. Let F be the middle point of PEy the radius of 
curvature at P. 

Then PF.SY=SP^, Art 160. 

.-. SY : SP :: SP : PF, 

,\ SYP, SPFsLre similar triangles, and the angle PSF is 
a right angle, so that the locus oi S ia the circle, diameter 
PF. 



CHAPTER VIII. 



PROJECTIONS. 



1. Thb theorems are obtained by projection from the 
following properties of the circle. 

Ari (66) Every diameter of a circle is bisected at 
the centre, and the tangents at its extremities are parallel. 

(70) If the chord of contact of tangents from T to a 
circle meet CT in N, CT, CN= CAK 

(71) It Myt correspond to JT, V on the circle, 

CM : CM' :: BC : AC :: Ct : Ct' ', 
therefore CM .Ct=BC^. 

(73) If the chord of contact of tangents from T to 
a circle meet CT in V and CT meet the curve in P, 

CT. CF= CF^. 

(74) A diameter of a circle bisects all chords parallel to 
the tangents at its extremities. 

(75) If a diameter of a circle bisects chords parallel to 
a second, the second diameter bisects all chords parallel to 
the first. 

(76) Art. 77 is meant. 

If FCP', DCJy be diameters of a circle at right angles, 
qm : PF. VP' :: CI^ : C7P». 



Projections. 75 

(78) If Ol, (7^ be radii at right angles, 

Cm=AM.MA, CM}=AN.NA\ 
CM : PN :: AC : BC :: CN : DM. 

(81) The area of a square drcumscribing a circle is 
constant^md equal to the rectangle contained by diameters 
at right angles. 

(82) I£ (72), CP be radii at right angles and the tangent 
at P meet a pair of radii at right angles in 7^ and t^ 

PT.Pt^CD'. 

(83) Cor. 1. The two tangents TP, TQ from any 
point are equal, and the parallel diameters ACA\ BCB 
are equal, 

.-. TP : ACA' :: TQ : BCB; 

and these ratios are unaltered by projection. 

Cor. 2. In the circle TCT' is a right angle, 
and .-. PT. PT= CP^= C£^, 

CD being parallel to TPT. 

(84) Taking ABA' as a semicircle, ECF is a right 
angle; project on any plane parallel to the line AC A'. 

2. If a parallelogram be inscribed in a circle its sides 
are at right angles. The greatest rectangle than can be 
inscribed in a circle is a square having its area equal 
to 2AC^; hence the greatest parallelogram that can be 
inscribed in an ellipse has its area equal to 2AC. BC, 

3. The theorem is true in the case of a circle, and 
follows by projection. 

4. The greatest triangle which can be inscribed in 
a circle is an equilateral triangle of which C is the centre 
of gravity. 

Produce PC to V, making 2CF=PC; 

then, if Q FQ" be the ordinate, PQQ" is the greatest tri- 
angle which can be inscribed in the ellipse haying its 
vertex at P. 
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5. If a straight line meet two concentric ciroles, the 
portions iuteroepted between the carves are equal 

6. The locus of the point of intersection of tangents at 
the extremities of diameters of a circle at right angles is a 
concentric circle. 

7. The locus of the middle points of lines joining 
the extremities of diameters of a circle at right angles is a 
concentric circle. 

8. If CP, CD be radii of a circle at right angles and 
GA bisect the angle PCD, the tangent at A meets CP in 
Tsuch that PD^=2AT^. 

9. If a chord ^Q of a circle be produced to meet 
the diameter at right angles to CA in and C7P be parallel 
to AQ, 

AQ.A0=2CP*. 

10. If OQ, OQ' are tangents to a circle and R be 
a diagonal of the parallelogram of which OQ, 0^ are 
adjacent sides, then if i2 be on the circle the locus of is a 
concentric cbcle. 

11. If a parallelogram be inscribed in a circle and 
from any point on the circle straight lines are drawn 
parallel to the sides of the parallelogram, the rectangles 
under the segments of these lines made by the sides are 
equal to one another. 

12. If a square circumscribe a circle and a second 
square be formed by joining the points where its diagonals 
meet the circle, the area of the inner square is half that 
of the outer. And if four circles be inscribed in the spaces 
between the outer square and the circle, their centres will 
lie on a concentric circle. 

13. If a rectangle be inscribed in a circle so that the 
diameter bisecting one pair of sides is divided in a constant 
ratio, the area is constant. 

14. If a parallelogram circumscribe a circle and one of 
its diagonals bear a constant ratio to the diameter it 
contains, the area is constant. 
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15. PQR is a triangle inscribed in a circle, the centre 
being the intersection of lines joining the angular points to 
the middle points of opposite sides. If PCy QC, RC meet 
the circle again in P', C R\ the tangents at P', C, Ry will 
form a triangle similar to P^Ry its area being four times 
as great. 

16. The locus of the middle points of chords of a 
circle passing through a fixed point is a circle of which the 
line joining that point to the centre is diameter. 

17. The ellipse which touches the middle points of the 
sides of a square (i.e. a circle) is greater than any other in- 
scribed ellipse. 

18. If a polygon circumscribe a circle, its area is a 
minimum when any side is parallel to the line joining the 
points of contact of adjacent sides. 

19. The greatest triangle which can be inscribed 
in a circle has one side bisected by a diameter and the 
others cut in points of trisection by the diameter at right 
angles. 

20. ^j5 is a given chord of a circle, C any point 
of the circle, the locus of the intersection of the straight 
lines joining A, By C to the middle points of BC, CA, AB 
is a circle. 

21. If CPy CD are radii of a circle at right angles, the 
circle on PD as diameter will go through C7. 

22. The theorem is true in the case of a circle inter- 
secting a concentric rectangular hyperbola, and follows 
generally by projection. 

23. If V is the middle point of Qq, project CVQ into 
a right angle. 

24. If PT, pt are tangents at the extremities of a 
diameter Pp of a circle, then if any diameter meet PTinT 
and the diameter at right angles meet pt in t, and any tan- 
gent meet PT in T' Skud pt in f, 

PT : PT wplf X pt. 
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25. If CPf CD be radii of a circle at right angles 
and Ppy Dd be drawn parallel to any tangent, and any line 
through C meet Pp, Dd and the tangent in py d and t^ 

26. If ACA\ BC and CD, CP be pairs of radii of a 
circle at right angles and if BP, BD be joined, also 
ADy A'P, the latter intersecting in 0, BDOP is a parallelo- 
gram. 

27. If TM be perpendicular to SPy 

TM : TP :: SY : SP :: BG : CD; 
hence TP : CD is constant 

If a point be taken on a tangent to a circle such that 
its distance from the point of contact is constant and 
therefore proportional to the paraUel radius, its locus is a 
concentric circle. 



CHAPTER IX. 

CONICS IN GENERAL. 

1. TN : XN :: SR : SX :: SP : XN; 
hence SP= TN. 

Also TP.Tr=TN^-PN^=SP*-'PN*=SN\ 

2. Draw Pm^ Qn perpendicular to the directrix. 
Then PR : QN::XP:XQ ::Pm: Qn::SP:SQ :: PM: QN, 
or PR=PM. 

3. PS.SQ : AS.SA' :: €^ : 04*, 
and PQ.SR=2SP.SQ. 

Hence PQ varies as Cp\ 

4. Let Pp, Qq intersect in 0, 

Then QO.Oq : PO.Op :: TP^ : ^Qs :; Q0» : P(P. 

Hence TO bisects j^g as well as PQ, and is a diameter 
and goes through t. 

5. Since RS is the exterior bisector of the angle 
P'^Q', 

SP' : SQT :; RP' : /^C'. 
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6. Let S'T, ST meet PQ in EE% and let TF, TG be 
the common interior and exterior bisectors of the angles 
ETEy PTQ, 

Bisect FP in 0. 

Then OE . OE' = OF* = OP . OQ. 

Now RP : i?Q :: PE : EQ, 

and i2'P : RQ :: P^' : E'Q. 

Again, OP : 0^ :: OE' : OQ; 

hence P^ : OE :: JK'Q : OQ, 

Also OP : 0^ :: OE : OQ; 

hence PJ^' : OE' :: ^Q : OQ. 

Therefore RP,PRf x RQ,QR' :\ PE,PW . EQ.QE 

:: OE. OE : OQ^ :: OF' : OQ*. 

Hence TF bisects the angle RTR\ and the angles 
RTP, RTQ are equal 

7. jT/S^ and KS are the interior and exterior bisectors 
of the angle PSP*. 

Hence if ST meet PP in JET, 
iBAT : TE \\KP : EP :: KP : ^P' :: JT/S' : ET, 
or RK=KR\ 

8. If 2>^, 2>'jE:' are perpendicular to SP, SPy 

then SE=SE\ 

Hence i>^, Z^'-C intersect on the bisector of the angle 
PaS'P', which is ST. 

9. If PP' meet the directrix in JT, PP is har- 
monically divided at S and K. 

Hence any chord through aS' is harmonically divided by 
the directrix and the tangents at P and P. 

10. Draw SY perpendicular to the tangent, then since 

SO : CY :: SA : AX, 
the locus of O is a circle. 
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1 1. Let Pp meet the currein P', and let QP* meet the 
directrix m ^. 

Then sinoe pS, q'S are the exterior bisectors of the 
angles PSP", QSP', the angle j9^=half PSQ^pSq; 
hence '^ and ^ coincide. 

12. SL : SP :: FT : FP :: TN : PK, 
Therefore 8L : TN ;: SP : PK :: ^^ : ^X. 

13. PIP : A(P-CN* :: 05^ : (74* .. (7^ . Ca^ 

Hence, if PN^pn, AC^^CN^^ Cn^- Ca\ 
or CN^^Cn^^CA*->rC€?, 

14. Qi2 : ZG^ :: PQ : PQ :: PM : PN. 
Hence QBiPM :: LG : PN::SG :SP ::SA : AX. 

15. Draw KV parallel to the axis. 

Then FK : FP :: GS : aS'P :: ^G^' : SQ :: FJT : FQy 

or PF= FQ. 

Also PL : Pif :: PiT : PG :: PT : PS; 

hence 2PL.PS-=PM.PQ=SR.PQ=2SP.SQy 

or PL=SQ. 

Hence /S'Fs FZ, and the diagonal of the parallelogram /SX 
goes through F, 

16. If PQ/2 be the triangle and S the focus, make the 
angles QSr^ QSp each equal to the supplement of PSR, 

Then, if PSq=PSry py q and r are the points of contact 

17. By Ex. 20, Chap, i., if JTF be drawn parallel to the 
axis, PF= FQ, 

Hence PN : PL :: PK : PG :: PF : PaSI 
Hence 2PiV^. P^= SB.PQ= 2SP . ^Q, 

or PN=SQ. 

Hence SN=2SFy and the locus of iV is a similar conic. 

B. 0. 8. 6 
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la Let CT, CT meet the cunre in p, d. 
Then CT.PR^^Cj^y 

and Cr.QB^2C(P. 

Hence the triangle 

CTT : 2 triangle Cpd :: 2(7jprf : PiBQ, 
or the triangle 

CTT : AC. BO :: AC. BG : the triangle PRQ. 

19. Let S be the centre of the oirciimscribed circle, H 
the ortho-centre, 

then the feet of the perpendiculars from /S'and H on AB, 

BG, CA lie on the nine-point circle, 

and the angle /SL4^= complement of C=HAC. 

Therefore with S and Hsa foci a conic can be inscribed in 
ABC. 

20. Let SV meet the directrix in Q and PK^ in Z, let 
QP meet the axis in G. 

Then PZ : SP :: /S'cy : aS'P :: SA : ^X; 
hence PZ : PJT :: /S^-i" : AX*. 

Now iS'C : CX :: PZ : PiT :: SA* : ^IX", 
or (7 is the centre. 

21. DE.DF : DG^ :: ^5« : ^(7« :: DG^ : 2>C«, 
or DG^^DE.DF. 

22. By Ex. 74 on the parabola, if PGQ be the chord of 
contact, 

DF : FG :: P6? : QQ :: 6?P : FE, 

or FG^^FD.FE. 

23. If .^ be drawn parallel to DTP, 

2>P« : -^ . -^fi' :: />P : EF. 
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For DF is parallel to a generatiBg line VM of the cone of 
which the hyperbola is a section. 

Draw Dlm^ LEM in the plane VFEM to meet the cone. 

Then the sections of the cone by the parallel planes, IPm, 
pLQ, are similar, 

and Dm=EM, 

Hence 

DFh Ep .Eq \: Dl.Dm : EL . EM :: Dl : EL \\DF\EF. 

Agam, Ep.Eq : EQ^ :; PT» : Ti^ :: EK^ : Ei^-, 

hence EK^ ^Ep.Eqii Epq meet PQ in K. 

And DQ^ : GE^ :: DP^ : EK^ :: DP^ , Ep , Eq :: DF.EF. 

Therefore FG^ = FD . FE, 

24. Let the tangents at P, Q and i2 meet EB in /?, ^ 
andr. 

Then Ep,Eq^ EF\ if PQ meet ^5 in P; 

also EE^=Er.Ep, EC^=^Er,Eq. 

Hence J55* : EC^ :: j^ : jBi^, a constant ratio. 

By Ex. 23. the same proposition is true in the case of 
an hyperbola if EB be parallel to an asymptote. 

26. GK being perpendicular to SP^ 

Pk : PK :: Pg : PG :: AC^ : BC^\ 
.*. Pk is constant. 
Also kL : Pk :: SG : /SP ; .'. kL is constant 

26. Let the fixed line meet the cnrre in P and Q, and 
let the tangent at P meet SL in Z>, and the directrix 
in F\ then, Art 11, SD : SF :: aSZ : aSX 

The angle FSP is a right angle, so that SF is a fixeil 
line, and, SX being a fixed line, the ratio of SF to SX is 
constant ; .*. SD is constant and 2) is fixed. 

The envelope of PG is therefore the parabola, <^ which 
2> is the focus and PQ the tangent at the vertex. 

6—2 



CHAPTER X. 



HARMONICS, POLES AND POLAR& 



1. If AOB be the common chord and PQOpq any 
transversal, 

F0.0p=A0,0B^Q0.0q. 

2. OA is perpendicular to B^C and meets it in 2>, 

OA . 0/>= square on radios of concentric circle =0^ . OB 

= OC.OF. 
Therefore OD = OE=OF. 

3. Draw ABC to be bisected by OB in J9, BEG to 
AO produced to be bisected by OC in E, and BEIC to CO 
produced to be bisected by OA in F. 

Then any one of the straight lines drawn through O 
parallel to AC, BG^ BK will form a harmonic pencil with 
OA, OB, OC. 

Draw BL, BM parallel to OA, OC to meet OC, OAmL 
and Jf. 

Then since OE=EL, OF^FM, EF is parallel to LM 
and is therefore bisected by OB and is also parallel to ABC. 

Hence the pencil BC, BE, BO, BF is harmonia 

4. Let the circles meet in P, bisect AC mE, 
Then EB.ED^ EC^ - EP\ 

hence the circles cut at right angles. 
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5. By Art 182, PQ, AE, BD intersect in ^, and ^ 
{B, Bj Q, F} is harmonic 

6. AP, BQ and PB, AQ meet each pair on the polar 
of O on which G lies ; 

And the pencil formed by CBy CO, OA and the polar of 
O is harmonic. 

7. If A, B be points of contact and the third conic 
meet AB in C and D, A and B are the foci of the involu- 
tion, P, Q are coigugate points. 

Hence ACBD is a harmonic range. 

8. Let the common chords meet in E, and let EPRQ 
be a tangent at B ; .then since the common chords are one 
conic of the system, E and R are foci of the involution EPRQ 
and EPRQ is a harmonic range. 

9. Let TP, TQ be the tangents, TE any line, then F 
the pole of TE lies on PQ and PEQF is a harmonic 
range. 

10. If the tangent at P meet the asymptotes in L and 
r,PL^PL\ 

Hence the pencil CD, CL, CP, CL' is harmonic. 

11. A diameter is bisected at the centre: and the 
polars of the extremities of a diameter intersect at infinity. 

12. If T'be the pole of QR and H the second focus of 
the conic which touches the ellipse at Q, 

pq^iiH^sq^qs'% 

or HS'=SP. 

Therefore ffS' + S'P = S'P + SP ; 

or S' IB on the conic of which ^is focus. 

Again the angles TS'R, TS'Q are equal, and PS\ 
8'H are equally inclined to TS' ; hence TS' is a tangent 
atiS'. 

Therefore T lies on the directrix of the conic of which 
P, /Tare foci 
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13. Let ST, S'T meet PQ in E, E' ; then the angles 
ETP, ETQ are equal 

Now the ranges RPEQ, R'QEP are harmonic and 
QTP is common to the two pencils; hence the angles 
R'TQ, BTP are equal. 

14. The middle points of all chords of >the cone parallel 
to the given line, lie in a plane through the yertex, let this 
plane meet the given line in P and any section through it 
in A and A '. 

Then Q the pole of the given line lies in AA'P and 
AQA'P is a harmonic range. Since VA, VA' are fixed 
generating lines, FQ is a fixed straight line. 

1 5. If Tpq be the chord, P its pole, then PN the ordi- 
nate of P is the polar of 7*. 

Let GP meet pq in v and the curve in Q. 

Let QMy Q6r' be the ordinate and normal at Q. 

If PG be drawn perpendicular to pq, it is parallel to 

hence CG : CG' :: CP : CQ :: ON : C2f; 

Therefore CG : CN :: CG' : CM :: SC^ : AC\ 
Hence (7 is a fixed point. 

16. Let the polar of Q meet the coi\]ngate CFD in R. 
Draw QQ' parallel to CP. 

Then PE : PQ :: RF : PF; 

and PG : PQ :: CF ; PF; 

hence EG : PQ :: CK : PF; 

or EG.PF=PQ.CR 

Now Q is on the polar of R, since i^ is on the polar of Q. 

Hence PQ .CR=CQ\CR=CD\ 

Hence EG is equal to the radius of curvature at P, 
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17. If O be the orthocentre of ABC and A'B'C the 
reciprocal triangle, B'C\ UA\ A'B are perpendicular to 
OA^ OB, 00 respectively, and BO, CA, AB are perpen- 
dicular to 0A\ OB, OC respectively. 

Hence ABC and A'BC* have their sides parallel and O 
is the orthocentre of each. 

18. If pPSQq be the focal chord and the tangents at 
P and Q meet isiTyTS Sa perpendicular to PQ, hence the 
tangents at p and q meet in T, 

19. This theorem is the reciprocal of the following : 
if two drcles intersect they have two common tangents : if 
one circle lie entirely within tlie other, they have no 
common tangents. Reciprocate with respect to a point on 
one circle and within the other. 

20. If /, C be the centres of the inscribed and circum- 
scribed circles, and CI meet them in r, r' and B, B' re- 
spectively, then if AA' be the mtgor axis of the ellipse into 
which the circumscribed circle is reciprocated, 

IA,IB^Ir\ IA'.IB=Ir\ 

CI^=-CB^--2CB.Ir. 

Hence ^ lA :Ir :: Ir : CB-CI :: CB^CI : 2Cff. 

and lA : Ir :: Ir : CB^CI :: CB^CI : 2CB. 

Hence AA' : Ir :: 2CB : 2CB ; 

or AA'=Ir. 

21. The four circles which circumscribe the triangles 
of a complete quadrilateral meet in a point 

22. See Ex. 30 on the parabola, or by reciprocation. 

23. See Ex. 46 on the ellipse, or by reciprocation. 

24. Let CPP\ COO' be perpendicular to the polars 
of P and 0. 

]>raw OX, OA perpendicular to CP and the polar of P ; 

P Yy PB perpendicular to CO and the polar of 0. 

Then CC : CP" :: CP : CO :: CY : CX. 

Hence CO'-CY : CP'-CX :: CY : CX ;: CP : CO 

or PB : OA :: CP : CO. 
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25. See Ex. 18 on Chapter I. 

26. (1) If a quadrilateral circumscribe a conic a pair 
of opposite sides subtend at the focus angles which are 
together equal to two right angles. 

(2) If we reciprocate with respect to the focus' S the 
new theorem is, if Q be taken on a circle and QL be drawn 
such that the angle SQL is constant, QL envelopes a conic 
of which S is focus. 

27. The envelope of chords of a circle which snbtend a 
constant angle at a fixed point on the circle is a smaller 
concentric circle. 

28. Two circles, such that a point can lie within both 
cannot have more than two common tangents. 

But if the circles be such that all points lie without both, 
or within one and without the other they may have four 
common tangents. 

29. If a straight line meet the sides of the triangle 
A'B'C^ in Z, M, N the circles circumscribing the triangles 
ABC\ A'NMy BNL, C'LM meet in a point. 

30. If points P', Q be taken on a circle of which C is 
the centre, P'C will meet the line drawn through Qf at right 
angles to P'Qf and Q'G will meet the line drawn through 
P' at right angles to P^^ on the circle. 

31. If iS' be the orthocentre of the triangle ABC and 
circles be described with centres A and B parsing through 
Cy S will lie on the radical axis of the two circles. 

If we reciprocate with respect to aS' we see that if with 
the orthocentre of a triangle as focus we describe two 
conies each touching a side of the triangle and having the 
other two sides as directrices, the conies will have a parallel 
pair of common tangents and therefore their minor axes 
equal 

32. If a system of circles have two points in common 
the locus of their centres is a fixed straight line, and the 
polar of a fixed point meets the radical axis in a fixed 
point 
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33. If the tangent and normal at P meet QR in T and 
Gf the range TRGQ is harmonic, since jTP, PG bisect 
the angle QPB. 

Hence PG is the polar of T. 

Hence the pole of QR lies on PG since the pole of PG lies 
on QR. 

34. If the tangents at P and Q meet in T and TA 
meet P^ in Z, the range DPLQ is harmonic ; hence the 
pencil TD, TP, TL, TQ and the range DBAO are har- 
monic. 

Therefore ABDC is a harmonic range. 

35. If the pencil joining BPAQ to any point on the 
curve is harmonic, the pencil formed by joining them to 
any other point on the conic is harmonic. 

For if BK, PK^ AKy QK meet the directrix in hpaq^ 
bpaq is a harmonic range, provided KEBPAQ be a har- 
monic pencil. 

And the angles hSp, pSa, aSq, qSb are half the angles 
BSP, PSA, ASQ, QSB ; 

Hence the pencil Sb, Sp, Sa, Sq is the same wherever 
iT be taken on the curve. 

Now PQ goes through the pole of AB : let PQ meet 
AB in R. 

Then if The the pole of PQ, TARB is a harmonic range. 

Therefore the pencil joining Q to BPAQ is harmonic ; 

hence the pencil joining q to BPAQ is harmonic 

Hence Pq bisects AB smce AB, qQ are paralleL 

36. Four circles can be' described so as to touch the 
sides of a triangle, and the reciprocal of the radius of the 
inscribed circle is equal to the sum of the reciprocals of the 
radii of the other three. 

If the triangle be equilateral the inscribed drcle touches 
the three escribed circles. 
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« 

37. If the tangents at P and Q meet the axes in T 
and V; the angle 

PSQ=SQV-SPT=SVQ-STP^ VST. 

li SW he perpendicular to PQf, the tangents at the 
yertices intersect in W, 

Draw ^FZ perpendicular to the tangents at P and Qs 

Then WSP", WSQ^ are supplementary to WYP*, WZQ. 

Hence P'SQ, PSQ are supplementary. 

If two circles intersect in P, Q the angle between the 
tangent at P, Q is equal to the angles which the centres 
subtend at S and supplementary to the angle which PQ 
subtends at the other point of intersection. 

38 and 39. If from any point P in the radical axis 
tangents be drawn to the circles, and a circle be described, 
with centre P and radius equal to the tangent, this circle 
will intersect the line of centres in two points £ and F 
which are the limiting points of the system. 

Take A at centi'e of one of the circles, and M at the 
point where the radical axis intersects the line of centres. 

Then, PI/ and PU' being the tangents from P to the 

circle 

PM^-hME*=PE^=PU^=PA*'-AlP; 

.-. ME^=AM^-'AU'=MF^; 

.-. AE.AF=AM^-'E3P=AU\ 

.'. the polar of P passes through E. 

Reciprocating with regard to P, the pole of ulTy ie. of 
the fixed line through E, is the centre, which is therefore 
fixed, and the conies are confocal. 

Therefore, if we reciprocate with regard to either limiting 
point we obtain confocal conies. 

40. If perpendiculars be drawn from A, B, C to BC, 
CAy AB these lines will meet in a point 0, and the circles 
circumscribing ABG, OBG, OGAy GAB are equal 

41. If the tangents at P and Q, points on a circle 
intersect at a constant angle, and lines be drawn through 
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P and Q making constant angles with the tangents at P 
and Q respectively, this pair of straight lines will intersect 
on a concentric circle. 

42. If two circles intersect in A and B and PQ be a 
common tangent and QB, PA meet the circles in C and D, 
then PC, QD are parallel. 

43. If from any point on a circle circumscribing a 
triangle perpendiculars be drawn to the sides of the tri- 
angle, the feet of these perpendiculars lie on a straight 
line. 

44. Since the orthocentre is on the hyperbola, DEF 
is a self-conjugate triangle and the pole of EF lies on BC. 

Hence the pole of BG lies on EF, 

45. If AB, CD meet in the fixed point E, CA and MD 
in F, and BC and AD in G, then FQ is the polar of E, 

Hence the centre of the circle lies in a straight line 
through E perpendicular to FG the polar of E with respect 
to both curyes. ^ 

46. The radius of an escribed circle of an equilateral 
triangle is | the radius of the circumscribed circle, and if 
SE be the tangent from the centre of the circumscribed 
circle to the escribed circle whose centre is D ; 

SD=DE-\-\DE=%DE, 

The proposition in the question is obtained bj recipro- 
cating with respect to the circumscribed circle. 

47. If AD be drawn parallel to the axis to meet BC, 
AD is bisected at 2/ where it meets the curve. 

Hence the tangent at D' is parallel to BC and bisects 
AB and AC 

Since a straight line intersects a conic in two points and 
two tangents can be drawn from a point, the reciprocal 
polar of a conic with respect to another conic is a third 
conia 



92 Harmonics, Poles and Polars. 

Now by Ex. 44, if a rectangular hyperbola drcamscribe 
a triangle DEF it will go through the ortho-centre and 
ABC the triangle formed by joining the feet of the perpen- 
diculars is a 8elf-coi\jugate triangle, and is the centre of 
the circle inscribed in ABC. If we reciprocate with respect 
to O the reciprocal conic is a parabola, since it has one 
tangent at an infinite distance and ABC is a self-conjugate 
triangle. 

The tangents from are at right angles, since the 
hyperbola was rectangular, hence is on the directrix. 

The locus of the poles of the lines at an infinite distance, 
that is, of the centres of the hyperbolas, was the circle cir- 
cumscribing ABC. 

Hence the enyelope of the polars of with respect to the 
parabolas is an ellipse inscribed in ABC having O for a 
focus. Since O is now the centre of the circle circum- 
scribing ABC, iiie auxiliary circle of the ellipse is the nine 
point circle. 



MISCELLANEOUS PROBLEMS. 

1. If S and ff be the rifle and target, and P the 
hearer, the difference of the times in which sound travels 
from S and ZT to P is equal to the time of the bullet's 
transit from Sto H. 

* Hence HP—SP is constant, and the locus is a hyper- 
bola of which /S'and jETare the foci 

2. Let tpy tq be the tangents parallel to PQ and P'Qf 
and let qt meet in r the diameter through p\ then 0^tr, 
and 

PJB^ : PQ^ :: tr» : tp^ :: ^ : tp* 
:: SP'.SQ' : SP.SQ 
:: P'Q" : PQ ; Art 17. 

.\PB'=PQ.P'Qr. 

3. QN : CM :: BC : AC :: DM : CN, 
hence QiV+Z>-flf : NM :: -B(7 : ^(7. 

4. If Cr^2> be conjugate to PQ, 

pc.ep=pr«-eFa. 

Hence PQ.Qp : CL^-CE^ :: CiZ^ : C/)^, 
CR being parallel to PQ. 

6. QN : NX :: SA : AX :: ^i2 : JSX. 

Hence Q lies on the tangent at the extremity of the latus 
rectum. 

6. PN^ : AN. NA' :: BC^ : u4C* 

and QN. PN= AN. NA\ 

Therefore QN^ : AN.NA .: AC^ : BC\ 
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7. Let APy QB meet in R^ and draw RV parallel 
to POQ. 

Then RV : VA :: PO : AO, 

and RV ; VB=QO : 0^. 

Hence RV^=VA.V£, 

since AO.OB^PO.OQ. 

Therefore QR lies on a concentric rectangular hyperbola. 

8. The line joining T to the intersection of the 
normals at P and P^ bisects PP' and therefore passes 
through the centra 

9. If the tangent at P meet the tangents at A and A^ 
in rand J" and TS, T'S' meet in Q, 

the angle SS'Q = TS'A'^ TS'P ; 

QSS'=AST=TSP; 

and SPT=S'Pr. 

Hence z^, P, S^ are the feet of the perpendiculars of the 
triangle TQT. 

Therefore QP is perpendicular to TP. 

10. Make the angle PSF a right angle, then the 
tangent at P meets the directrix in P: if a drcle be 
described with centre P and radius PK such that the ratio 
SP : PJT is equal to the eccentricity the directrix is a 
tangent from P to this circle. 

Two tangents can in general be drawn. 

If the angle aSPP be such that SP : PF :: SA : AX* 
only one conic can be constructed ; there are two positions 
of PP equally inclined to SP corresponding to this case. 

If the eccentricity be unity, one conic is a line parabola 
through S. 

11. If PK be drawn perpendicular to the directrix of 
the parabola SP=PJS:, 

hence HM^HP^^PK^AA. 
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Therefore the directrix touches a circle of which H is 
centre. 

12. Draw RN perpendicular to the minor axis. 
Then 

CN,AC=SR.AC=BC^=^AC^-SC^^AC*-BN^; 
Hence BN^^ACiAO-CN], 

or B lies on a parabola. 

13. If STy PQ meet in H, HTBS is a harmonic 
range. 

But OH, OT^OV, 0S\^ a harmonic pencil 

Hence Or passes through B, 

14. Let AGA^ be the diameter bisecting the parallel 
chords QNy etc. in N, etc. 

Then PN^ varies as QN\ that is a« AN. NA\ 

Hence the locus of P is an ellipse. The locus will 
be a circle if PN=QNf that is if the yertical angle 
is a right angle. 

15. If PP", QQ' be the double ordinates of the 
given points, P, P\ Q, Q^ are fixed points, and since 
the ellipses are similar, the corresponding points of 
the auxiliary circle, at which the msyor axis subtends 
a right angle, are likewise fixed points. 

16. The ordinates of the point and of the end of one of 
the radii are in the ratio of the radii 

17. If P be the centre of the circle and jPiT perpen- 
dicular to the fixed straight line, the ratio SP : PK is 
constant. 

18. Let pqr be a triangle touching the parabola in 

p,e,i2L 

Parabolic area PQB = \ triangle PqR, 

:. Triangle PQB^l{PqB-Prq^QpB\ 
3PQB-^2lpqr^PQB)', 
/. PQB=2pqr. 
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19. If a rectangalar hyperbola circumscribe a tri- 
angle the orthocentre is on the curve, if we reciprocate 
with respect to the orthocentre we have the case of a 
parabola inscribed in a triangle the tangents from the 
orthocentre being at right angles. See Ex. 47, Ch. 10. 

20. Produce HA to K making AK equal to AH, then 
PIC and AL are parallel. 

Hence SQ ; SP :: SA : SK :: SA : SA-\-Aff. 

Therefore the locus of Q is a similar ellipse of which 
iS is focus. 

21. If KLMN be the quadrilateral and A?, /, m, n the 
points of contact, KM will bisect nk, Im : and LN will 
bisect kl, mn. 

Hence klmn, and therefore KLMN, is a parallelogram. 

22. The locus of the second focus is a circle of which 
the radius = A A - SP. 

The locus of the centre which bisects SHia similar, that 
is, a circle. 

23. Since LC, LL' are tangents, the angles HLC and 
SLL are equal 

Again CL . CL'^CH\ 

hence the angle CHL = CL'H^ SLL. 

Therefore CL : HL :: SL : LL\ 

the triangles CLH^ SLL' being similar. 

24. If the theorem be true in the case of a circle, it will 
follow by orthogonal projection for any ellipse. 

If PQ be the chord of contact of tangents drawn to 
a circle from a point on a concentric circle, the angles 
PAQ, PA'Q will be constant, A, A' being extremities 
of a fixed diameter. 

Let -4P, A'Q meet in R, and A P and ^ Q in R. 

The angle ABA' = APA' - PA'Q, 

and the angle ARA'=APA'-k^PAQ, 
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Hence the loci of R and R are circles passing through 
A and A'. 

25. Circumscribe circles to two of the triangles formed 
by the intersections of the tangents, these circles intersect 
in the focus S: the pedal line of iS is the tangent at the 
vertex. 

A parabola can be drawn to touch five straight lines, if 
the circles circumscribing the triangles formed as above all 
meet in the same point S, 

26. PF is the same for both curves, and therefore CD 
is also the same. 

27. Prove that A^r.^'y is constant 

28. By reciprocati(m. 

29. P, Qt B, R lie on a circle of which PQ is diameter 
and PQ, LL' are equally inclined to the axis. If/?, p' are 
the vertices of the diameters bisecting PQ, BR in V 
and P, pp' is a double ordinate. 

Let VV* which is parallel to the normal at p' meet the 
axis in 0, 

Let VM, V'M' be the ordmates of V and V\ 
Then LL=L'M'^M'0+MO--LM=^OM=2ng^4AS. 

30. The bisectors are tangent and normal to a con- 
focal conic. 

Hence CG . CT= CS^. 

31. Reciprocate the following theorem : if S, A, B, C 
be points on a circle and with centres J, B, (7 and radii 
^^S', BSy CS circles are described, they will intersect two 
by two in points which lie in a straight line. 

32. OE : EG=SP : SG=Sp : Sg=OE : Eg. 

33. If an ellipse be reciprocated with respect to its 
centre, the reciprocal is a similar ellipse having its m^jor 
axis in the minor axis of the original ellipse. 

B. 0. 8. 7 
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If we reciprocate an ellipse circamscribing a triangle 
and haying its centre at the orthocentre with respect 
to that orthocentre, the reciprocal is a similar ellipse, 
inscribed in a triangle having its sides parallel to those of 
the original triangle, the homologoas axes being at right 
angles, and having its centre at the orthocentre. 

This reciprocal ellipse is similar and similarly situated 
to the ellipse inscribed in the original triangle having 
its centre at the orthocentra 

34. Q lies on the common circle of curvature, 
hence FQ=4PT. 

35. AB, BO are equally inclined to the axis, hence 
since the angles at A and C are equal, AD, DC are equally 
inclined to the axis. 

Hence the tangent at D and AC are equally inclined to 
the axis. 

Therefore the tangents at B and D are parallel 

36. The volume cut off varies as the area VAA' and 
BR ; and the area VAA' varies oaAV. FA' or AD . Aiy, 
that is BC\ 

37. SQ : Pg :: St : tg :: SY : SP :: BC : CD 

:: PF : AC. 
Hence SQ.AC=PF.Pg=AC^, 

or AC:=^SQ, 

Let QL be the ordinate of Q and let MQ meet the m^jor 
axis in V, 

Then CV : FN :: CV : CM :: CL : CM^QL 

:: CL : FN-QL, 
and SP-AC : CN :: SC : AC, 

or AC.SF=AC^-i-CN.SC=BC^-^CS,SN. 

Again CN-CL : SP-SQ :: SN : SP, 

and SP-SQ : CN :: SC ; AC-, 
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hence ON-CL : CN :: 8N.SC : SP.AC; 
therefore CL : CN :: B(P : SP.AC, 
or CZ : ^P-zS'Q :: -BC« : SP.SO. 

Now SP-SQ : PN-QL :: /S'P : PiVT, 

hence CL : PN-^QL :: JffC« : PN.SQ 
Hence CV.SC=BC\ 

or Fis a fixed point. 

38. If /SX, /S!ilf, /S^iV be drawn perpendicular to 
the given tangents, the circle circumscribing LMN is 
the auxiliary circle of the conic. 

39. If S be the centre of the circumscribed circle^ H 
the orthocentre, the centre of the nine-point circle bisects 
SH: and if PQR be the triangle, the angles SPQ, HPR 
are equal : hence S and H are the focL 

40. If Pg, P'g^ be the normals at P and P' and 
gL, gfL' be drawn perpendicular to PP\ 

then PL = P'L\ by Ex. 27, Chapter I. ; 

hence gG=^Ggf. 

Therefore 
2^6? : SP+SP" :: /y^ + ^^ : SP'\-SP :: ^^ : ^JT. 

41. Reciprocate the following with respect to ^S': 
ASB is a diameter of circle meeting a concentric circle 
in Sy the opposite sides uf the quadrilateral formed by 
tangents through A and B to the inner circle are parallel, 
and the tangents to the outer circle at the points where it 
meets the tangent at S are respectively parallel to them. 

42. If Pf Q be two points on a rod and PS, QS are at 
right angles to the directions of motion of Pand Q, then if 
R be any point on the rod the direction of motion of R is 
at right angles to SR, 

Hence the directions of motion of all points on the rod 
envelope a parabola of which S is focus and the rod tangent 
at the vertex. 

7-2 
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43. iS'P and fTQ are parallel to 6'7l 

Hence P5ip= complement of *S'Pp= complement of CTP. 
Q/irg= complement of ^Q^= complement of CTQ, 

Hence PSp and QHq are together equal to the supplement 
of PTQ. 

44. Let 8T, S'T meet CP in p and //, and CD in 
d and 6?'. 

Since the angle PTS= d^TD, 

and 7!Pp = TD^, 

the angles ^jp(7, Cd^S* are equal, and (f, d^^p and // lie on 
a circle. 

45. If the asymptote and directrix meet in Z>, SDC is 
a right angle and if DP be the tangent PSD is a right 
angle. 

Therefore SP is parallel to the asymptote. 

46. If PTQ, ptq be two consecutiTo positions and 
TVy ty be drawn perpendicular to^^, TQ respectiTely, 

tV=Pp'^'pt-PT=PT-^TQ+Qq'-tq-PT 

Hence the tangent at 7* is equally inclined to PT'and TQ. 
Hence ^Tlies on a confocal ellipse. 

47. CP and CQ are at right angles ; hence C^ P, D, Q 
lie on a circle. 

48. If PF be the chord through the centre, and 
pp' the parallel focal chord, 

PF.CP=2CD^, 

and pp\CA=^2CD\ 

Hence PV \ ppf w CA \ CP. 

49. iSP and QiJ are both parallel to Cr; 
hence the angle 

pCq ^pCT^- TCq = PHQ + QSP. 

50. The angle ^PF^half the supplement of SPS^^ 
half PSP. 
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51. QSP, Q'SP' are right angles and the perpen- 
diculars from Q, Q* on JSP, SP^ are equal to the perpen- 
diculars on PP*. 

Hence QP, Q^P are tangents at Q and Q^ to the parabola 
of which Sia focus and PP* directrix. 

And the diameter parallel to PP is tangent at the vertex, 
since it bisects 8H. BR is a tangent since SCB is a right 
angle. 

52. ^j^ will evidently envelope a conic of which S 
is focus and the given circle auxiliary drda 

63. Join SPy the bisector of POS bisects SP in F; 
since the locus of P is a circle, the locus of F is a circle. 

Hence VO envelopes a conic of which /S^ is a focus. 

54 The angles RSP and QHV are the complements 
oi PST 9,udL QHT. 

Hence i2/SP+QZrr= supplement of half PSQ^PHQ 
=half the angle between the tangents at P and Q, by 
Ex. 23 on the ellipse. 

55. TSy Z8 are the interior and exterior bisectors 
of the angle QSRy 

and if TQ meet PZ in F, FS is the exterior bisector of 
the angle QST. 

Hence Q, T, i? lie on a conic of which 8 is focus and 
PZ directrix and ZT is the tangent at T since ZST 
is a right angle. 

56. If OE be the radius of the sphere, 
OE.AC=Bxeai.OAA' 

and varies as OA . OA' or AD. A'U that is as BC^. 

Hence the latera recta of all the sections are the same. 

57. Let PC, CP' meet the ellipse in U and F, 
then since TP^ = TQ . TQ! 

and Tq?^ TP. TP*, 

TP : TP" :: TQ" : TQ, 
or PQ", P'Q are parallel 
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Hence if OF be parallel to P'Q and PQ, 

P'V.P'Q : P'P^ :: CF^ : CL^, 
and Q^U, Q!P : Q'Q» :: CF» : (7j&2. 

Kow P'i* : Q'Q^ :: 2!P« : TQ^ :: ^C : TQ', 
and CE* : CZ)* ;: T(^ : TP* :: TQ : TQ". 
Hence PV.RQ : Q'U.Q^P :: TQ^ . 7'q/2 .. jyQi . pQ^s, 

Therefore PF : P'Q :: Q't;' : QP. 

* 

58. If the tangents at P and Q meet in ?; CST which 
bisects PQ is parallel to PQ, P being the other extremity 
of the diameter PCP. 

Hence the angle PGT= PPQ = TPQ. 

69. aS^, P, /S", ^ lie on a circle, 
hence Sg : P^ :: aS"6? ^ ^'P :: /^.^ : AX. 

60. J9(7 is parallel to the polar of A, hence AD is parallel 
to the axis. 

Also the angles SAO, DAB are equal : and the angles 
ABDy ASCare likewise equal. 

Therefore AC : AS :: AD : AB. 

61. BK : QN :: KG : NC 
and PiV : BK :: iV^G^ : KG. 
Hence J5(7 : -4C :: KC.NG : NC.KG, 
or ire : KG ;: ^(7 : BC. 
Therefore CB : CQ :: CK : CN :: AC+BC: AC, 
or CB=AC+BC. 

Hence if NP meet iZZ in iV', PN= QN. 
Hence KL passes through P. 

Also PL = QC=AC, 

and KP=QB==Ba 

62. CT.CN^CA^ 
and CT\PN=BC^', 
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hence CT.CT : CA.CB :: CA.CB : CN.PN. 

Hence the triangle CTT' yaries inversely as the tri- 
angle FCN. 

63. By Ex. 6. Chap. VII. 

2SP=SAC, 
and if CE be drawn pandlel to the tangent at P, 

PE=AC. 

64. Let CT which bisects PP' in F, meet the ellipse 
in Qy and let CE be conjugate to GQ. 

Then Pr* : CV. VT :: CE^ : CQ^ :: PV^ : CQ^-CVK 
Hence CQ^^CV. VT+ CV^=CV. CT, 

or TP, TP are tangents. 

66. See Ex. 82 on the hyperbola. 

66. If we reciprocate with respect to a focus the 
theorem that tangents to an ellipse at right angles intersect 
on a fixed circle, we find that if the sides of a quadrilateral 
ABCD subtend each a right angle at a fixed point S the 
sides envelope an ellipse of which /S' is a focus. If be the 
centre, 

the angle 0^^= complement of half ^0^= complement 
o(SC£=CBS=SAD. 

Hence is the other focus. 

67. If A', B, Oy ly be the points of contact and 
E\ F\ Q' the points of intersection of A'C'y BD'; 
A'ly, B'C ; A'B^y C'D'y 

then E'F'O* is a self-coigugate triangle. 

If BA'Ay CDF meet in F the pole of AV\ F will lie 
on F'O' the polar of E\ since E' lies on AV the 
polar of F, 

Similarly AD'D, BBC meet in G on F'G' and ACy 
BD in E'. 

Let A'Uy CC'D meet in a, and B'C\ ADD in p. 

Then if O be intersection of AC'y CD, a8 is the 

polar of 0, 
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Now since OB, OIX are tangents and the tangent at C 
meets them, the range CC'DF is harmonic and therefore 
the pencil GB, QC\ Gfi, GF\ 

Hence B'C ^F* is a harmonic range. 

So A'U aH is a harmonic range. 
Hence a/3 passes through G\ 

Since G' lies on the polar Oy lies on BD^ the polar of G. 
Similarly AB'^ CA' intersect on BD, 

68. By Art. 1.33 the four points in which two rect- 
angular hyperbolas intersect are such that any one of them 
is the orthocentre of the triangle formed by the other 
three : hence any conic through the four points is a rect- 
angular hyperbola. 

69. If KVt be drawn parallel to the axis to meet, 
PQf ST in V and t, and if KL be perpendicular to PQ, 
PL=SQ and Pr= VQ, hence tr= VK. Therefore ST 
SPy SK and the axis form a harmonic pencil. 

- 70. Let DE meet PP m K\ and let PD, RE meet 
in H, 

Then 6r^ is the polar of JT, but K lies on DE the polar 
of P. 

Hence F lies on GH, and FG is parallel to the chords 
bisected by PP. 

71. Let BBf the common tangent be bisected by PQ 
the common chord in 0, 

Then R(P=OR'*=OQ.OP; 

hence RE^, PQ are equally inclined to the axis. 

Hence PR is a diameter, and the diameter of curvature 
= 2PF=2CI>. 

Therefore CI>^=CD.PF=AC.BC. 

72. Reciprocate with respect to Sthe following theorem: 
S is taken on the outer of two concentric circles ; SY, SZ 
are dravm perpendicular to a pair of parallel tangents to 
the two circles ; YZ is constant. 
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73. Let the tangents at P and Q meet in T. 

Then the angle P'i2Q'=PTC= supplement of PCQ, by 

Ex. 58. 

Hence P', C, Q' and R lie on a circle. 

74. 3W is half the difference of QM and Q^M' and 
i?i2' is half their sum. 

Hence RP=i <^M'=KB. 

Now PN : Q'M' :: TK:2£:B :: PM : QM :: QM:4SP. 

Hence PiV : Qif :: ^J/' : 4^P :: PJf' : Q^At'. 

Therefore PI^ : PM'^ :: QM* : Q'JT* :: PM : PJf', 

or PN*=PM.PM. 

75. Let i2i2'F be the diameter bisecting PQ, 
Then if PQ meet a common tangent pp' in O, 

Op* : OP. OQ :: ^i^ : SR :: iS>' : ^iZ' :: Op"* : OP. OQ, 
or Op^Op\ 

76. Let 0, C be the centres of the hyperbola and ellipse 
to thCb'if the tangent at (7, then since PN .Ct^Cb^ and 
CN, CO- Ca\ the area of the ellipse will be a maximum, 
when CN. PN is maximum, that is, when CN.NO is a 
maximum, or ON=^NC. 

Hence PP' is a tangent to a simUar hyperbola. 

77. RP.RP=RN*-PN*=^RN*-4AS.AN. 
Now RN* : 4AS.AA' :: AN* : A A'*, 

or RN* : 4AS, AN :: AN : AA\ 

Hence RN^-PN* : 4^/^.-42^ :: A'N : ^^'. 
Therefore RP.RP' : AN.A'N :: 4^.^ :\4^'. 

78. Let the tangent at P meet the confocal conic in Q. 

Draw C^P parallel to PQ meeting the normal at P in P. 

Then OP. PF^ CL^^SP. P£r= Cd\ 

Cd being conjugate to CP. 

Hence is the pole of PQ with respect to the oonfocaL 
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79. Let the tangents meet in 27, SU meeting the carve 
in Qf and let the tangent at Q meet EBf in T, Then, V 
being point of contact of BR', 

TSE= TSQ-^ USP-RSP= TSV-\- USP'-BSF 

= USP -BST, 

.'. 2TSB= USP--BSBf\ 

:, locus of Ti% tangent at Q. 

Or by reciprocation of the theorem, 

If ABC be a triangle inscribed in a circle, and DE the 
diameter perpendicular to ^(7, DB and EB bisect the 
angle B and its supplement 

80. Reciprocate with respect to any x>oint 8 the 
theorem that if two points on a circle be given, the pole of 
PQ with respect to that circle lies on the line bisecting PQ 
at right angles. 

81. PQ.PB^PE .PF=AG .BC 
and QR=CE^AG-Ba^ 

Hence PQ=BG and PR=Aa 

Also ER is parallel to CQQ. 

Hence PQ : CD :: PG : PE :: BC : AC 

and PG.PF=BG\ 

Hence CQ, C7i2 are the axes. 

82. This is a particular case of Art. 195, since the 
second point where AE meets the curve is at an infinite 
distance, hence AE-EK. 

83. The circle of curvature is greatest at the ex- 
tremity of the minor axis. 

Hence BO the direction of the minor axis is given. 

And BC,BO=^AC^=SB^, being the centre of curvature. 

Hence S lies on the circle of which BO is diameter. 

84. Ca : Cb :: Ba.Ac : bA,cB 
and Cki : Cb' :: Ba.At^ : b'A.d'B, 

by Todhunter's Euclid, Art. 59. 
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And Ae,A& : Ab.Ah' in ratio of squares on parallel 
diameters. 

Hence BC is the tangent at a* 

85. This depends on the fact that any chord is bisected 
by the diameter through the intersection of the tangents at 
the^ends of the chord. 

86. Let P, Q be the points of contact of parallel tan- 
gents to the conic and circle. 

Then by Art 132, the angles PCA, QCA are equal 

87. Let CLy CL be the fixed straight lines, iS'tbe fixed 
point. 

Then the angle LSL = CSL' + CL'S, 
hence the angles CL'S^ CSL are equal 
Therefore CL : CS :: CS : CL\ 

or LU touches the hyperbola of which CLy CL' are asymp- 
totes and S focus. 

88. Since the setnivertical angles are complementary 
they touch one another along their common generating 
line. 

Now EA ; AX :: CE : EO :: OE : CE' :: EA : AS'. 
Hence S' coincides with Xy and similarly S with JT. 

89. Draw CE ^perpendicular to the tangent at P, CE 
bisecting FP' and PiV parallel to CE. 

Then QO.OQ^ : PO.OP' :: CZ>» : CB^ :: PO.PF\ 
CN.CV :: PO : PE :: 2P0 : PP. 

90. A circle can bo described with centre T to tonch 

SPy SQy HP, HQ. 

Hence SN-NH^SM-MHy 

and TMy TN bisect the angles at My N. 

Hence TM, TN touch a oonfocal conic passing through M 
andiV. 

91. If 8 and H are the given points, the locus of P is 
the conic in which the given plane through 8 intersects the 
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•ur&oe generated by the revolation about JSH of a conic 
of which S and IT are foci 

If ST be drawn perpendicular to the plane to meet the 
directrix plane corresponding to S in T, the cone formed by 
joining ^ to all points of the locus of P is a right circular 
cone of which T±i is axis. 

92. PG.Pq=BC*^PQ*; 

.*. PGQ and PgR are similar triangles. 

93. If OL be the ordinate of O, 

LQ : GN :: OL : P'N :: CL : CN, 
or LO: LG :: CN : NG :: AC : BC^. 

Hence CL : CG :: AC^ : AC'+BC^. 
Therefore CO : CP' :: CL : CN :: AC^^BC^ : AC^+BC*, 

94 The polygons VSP V and Z'HPZ are similar and 
the perpendicular from C on VZ bisects VZ ; 
hence if Fi^be taken on VV such that VE=ZZ^ 
then CE^CV'^CZ. 

Hence rr'.zz'= rr. rj?= rc8- PC2=c^s-c:4'«. 

95. The centre is the middle point of CP. 

96. TS(i and 7/S"Q are right angles ; 

.'. the middle point of 7% is the centre of the drde TSQS' 
and is equidis^nt from S and S\ 

97. Tq : TP :: ^Q : ST, 
and T'P : TQ! :: ^T' : .S^; 

.-. Tq.TP\ TP.Tq :: /^C./ST' : S(^.ST 

wSQ.PT \Sq!.PT 

98. Draw NE perpendicular to NM^ and prove that E 
is a fixed point in Uie axis. 

99. P and Q are equidistant from the plane of the 
drcular section of the cone, which contains the centre of 
the section. 

100. Produce OC to Eao that CE= OC ; 

then P.& is parallel to OZ and ^Pr=C^O= OP F; that 
isy the tangent to the curve bisects the angle OPE, 
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101. If PJSQ he one of the tangents, and EEV the 
chord, 

EP^ : EB.EV :: E^ : ER.EF, 

for each ratio is that of the parallel focal chords. 

102. If FE, FG be the tangents, Fi, TEQQ) is harmonic, 
and EFCr is a right angla 

103. Reciprocate with regard to C the theorem, that, 
if a circle centre G intersect another circle at right angles 
at the point E, and CPQ be any chord, CE*=CP, CQ. 

104. Reciprocate the conies into two intersecting 
circles. 

105. Reciprocates into the theorem of the existence of 
the director circle. 

106. If PEQ be the chord required, and PEQ^ a 
consecutive chord, the areas PEP, QEQ are ultimately 
equal, and E, which is the centre of curvature, is the middle 
point of PQ, 

PQ is therefore the diameter of curvature and is in- 
clined to the axis at the same angle as the tangent, ie. half 
a right angle. 

107. The pole F of the straight line is fixed, and P, 
the point of contact of a tangent, is the foot of the perpen- 
dicular from i^on the normal 

108. The angle MNC= LCN^ LCN, if ^ be the point 
where the tangent meets the other asymptote. 

.'. MN is parallel to Cly and passes through P the middle 
point of LL 

109. The diameter of curvature being the same for 
both, it follows that SP : S*P is a constant ratio. 

110. 
CK'^=^CF^^'PK'^+2PK\PF=A(P^BC^+%AC.BC; 
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111. If P, V, By Qhe the points of contact of AB, 

£Cy CD, DA, 

2ASB=PSV^PSQ, 

and two right angles 

^PSV-^ASP^ VSC=PSV+ASQ+CSR; 
:. PSV=-QSB=^2QSD, 

and 2ASB=2QSD+PSQ=2ASD. 

.\ ASB=ASD^tk right angle. 

Also ASP+DSR=ASD, 

.'. PSQ is a straight line and PA, RD intersect on the 
directrix. 

112. If the tangent at P meet the director drclcin R 
and T, perpendiculars to the tangent through 22 and T are 
tangents to the ellipse. 

Draw PE parallel to CR, meeting OT in V and take 
(7^= CV. CT\ similarly find the point Z> on (7jB ; 

Uien CQ and CD are ooigugate diameters, and the con- 
struction is completed in Art. 216. 

113. Q'R meetl the axis in T, the pole of NP ; 
.'. the tangents at Q!, R', meet at a point E on NP, 

Let CE meet Q'R in F; 

then EN.PN^EN^-EN.EP^EC^-CN^-CY. CE, 

^EC. CY-CN^^CA^-CN^^P'NK 
.'. EN : PN=PN : PN=AC : BC=^QM : QM, 
and the tangent at Q passes through P', 

114. If S^ be the other focus of the fixed ellipse, and 
H of the moving ellipse, 

S'P=HP and S'Q=HQ, 

Join S'ff meeting the chord in Z, and let fall SY the 
perpendicular on the chord ; 

then 8Y.8'Z^SY.HZ^BC^, and in the chord touches 
a confocal conic. 

115. Let O be the centre of the circle, PQ a chord of 
intersection not perpendicular to the axis, meeting an 
asymptote in L, and the axis in JT. 
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' angle EOC= 90» - LKG= 90* -LCA + CLK 
= 460 + CLK= LCA + LCE= EGO, 

.'. ECO is isosceles, and E lies on a fixed line perpendicular 
to the axis. 

116. Project the ellipse into a circle, and prove that 
the angle DQP=QFE, observing that the tangent and 
common chord are equally inclined to the axis. 

117. Eeiprocates into the following : 

If /S' be a fixed point, and SJS!^ a tangent to a circle 
centre Cy and if TE be any other tangent from a point Ty 
and the angle CTE= CSK, the locus of T is a circle pass- 
ing through S. 

118. SYy HZ being perpendiculars on the tangent, 
Pq : HZ :: PT \ TZ \\ TR \ TC :: PR : PE\ 

,\Pq : PR :: HZ : AC iiHP.BC : AC.CU 

:: HP.PQ : CD" :: PQ : S'P-, 

.*. Rq is parallel to SG. 

119. ItPT, Q Tandp/, qt be two near positions and tM, 
Tm be drawn perpendicular to PT, Qt, 

then tM : Tin in the ratio compounded of PT : QT or 
CD : (7^ and Pp.QC : Qq.PO or PF: QF : QCK, PO 
being the radii of curvature. 

Hence tM=Tmy or the normal at T to the locus of T 
bisects PTQ. 

Therefore Tlies on aconfocal ellipse. 

120. Referring to the figure of Art 148, and drawing 
the lines, a circle can be drawn through ADOG ; 

.% angle DO A = DGA ^ 90^ --GVA= AEG, 

and the triangles AOD, ACE are similar. 

.-. AO : AD :: CE : AC, 

or AO.AG^-AD.A'D^BCK 
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121. Referring: to the preceding theorem^ describe a 
sphere centre G and radius GA ; the tangent from any 
point of the ellipse to this sphere will be equal to the 
tangent from P to the circle of curvature. 

Describing a similar sphere with centre G^^ the sum of 
the tangente = FA' = *S'>S". 

122. In the second figure of Art. 144^ take T any point 
in the tangent at P and let C be the centre of the upper 
sphere. 

Then CBP and CSP are right angles, PB=PS, and 
TR= TS these lines being tangents. 

.*. T lies in the plane through CP perpendicular to the 
plane CBPS\ 

.-. angle SPT*RPT, and RTP^STP; 
similarly RTP=-S'TP. 

Hence RTB^^STP^S'TP^STP-^-STQ^PTQ, 
21Q being the other tangent 

123. Produce EB to E' making RE' equal to RE. 
Then the polar of E' passes through E* 

Now C is the pole of PQ which passes through E. 

Hence CE' is the polar of E and is therefore parallel to 
ARE. 

Hence CE is bisected by AB. 

Again CE bisects in E the polar of R which is parallel 
to^^. 

Therefore CE bisects AB. 

Therefore ACBE is a parallelogram. 

124. Let be the centre of the conic which touches 
the sides AB, BC, CD, DA in E, F, G, H. 

Then since OA, OB, OC, OD bisect HE, EF, FG, GH 
the sum of the areas of the triangles AOB, COD is half the 
area of the quadrilateral 
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Let ABj CD meet in K and let O, O be two positions 
ofO. 

Draw OM, OM' perpendicular to AB and ON, (TN' per- 
pendicular to CD, 

Also draw OK, O^L perpendicular to OM and ON: 

then OM.AB-k-ON.CD^ CM' . ^5 + CN' . CD, 

Hence 0^. AB=OL. CD. 

Therefore OL : OJTin a constant ratia 

Hence the locus is a straight line. 

125. By Art 241 the sum or difference of the tangents 
is proportional to the distance between the ordinates of the 
points where the circles touch the curve according as the 
point does or does not lie between those ordinates. 

126. If SY^ S' Y' be the perpendiculars from the focus 
on the tangent at P, CY' is parallel to SP ; and, if DK is 
the perpendicular on CY\ 

DK : CD=SY : SP=BC :: CZ>; 

.-. DK=Ba 

127. If Fand ^Tare contiguous comers of the parallelo- 
gram formed by the tangents, and SI CV and CT meet in 
E and F the sides of the parallelogram formed by tho 
points of contact, 

CE, CV= CP* and CF, CT= CD"; 

,\ (CE, CF) (CV. CT)={CP , CDf, 

128. Taking the figure of Art. 12, let TL, TM, TN be 
drawn perpendicular to SF, SP, FF\ and let the circle 
intersect FF' in 6? and G'\ 

then TG : TN :: TL ; TN :: SM : TN 

:: SA : AX, 

,'. TG is parallel to an asymptote. 

129. For r5 bisects QSq, Art. 12, and FS bisects the 
outer angle. Art. 5. 

B. 0. s. 8 
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130. Let the chord Qq, normal at q, meet the directrix 
in F, and let T be the pole of Qq ; then S being the pole 
of the directrix, ST is the polar of Fy and therefore T 
being a pomt in the directrix, TSFis a right angle. 

Taking F as the middle point of Qq, let FS meet in Z 
the polar of V, which is parallel to Qq. 

Then LSQ = TSQ - TSL = TSq - TSF 

=FSq^SqV-SFq 

= Pq V- STq, v T, /S; g, F are concyclic, 
:=Pqr-QTF, Art ^9, 
=PFq-QTV=^QVN-QTV 
^TQV=LTQ, V 7X, CrareparafleL 
•'. Z, T, Sf Q are concyclic, and 
TQL=TSL=9(fi, 

131. (1) If the plane through the axis and the given 
point P intersects the cone in VA, VBy describe a circle 
passing through P and touching VA, VB\ then if APB 
is drawn touching the circle, ABi& the axis of the sectien 
of which P is a focus. 

(2) Produce VP to Q making PQ^^PV, and in the 
plane above mentioned, draw VK parallel to VB, meeting 
VA in Ky and VL parallel to VA, meeting VB in Z; 

Then APL is the axis of a conic of which P is the 
centre. 

132. If Sy S are the foci, and X the foot of the 
directrix, VS'S is a straight line, and XSS is an isosceles 
triangla 

Taking A and A* as the, corresponding vertices, draw 
AL and A'L' parallel to S^, meeting Al^ in Z and AS 
in L', 

The latera recta are in the ratio of F!^ to VS', 
and VS : AS=A'U : AL' said VS' : A'S'=AL : A'L. 

Now AX= LXy A'X= rXy and AL = AL'; 
but VS. AV = AS . A'L' and VS' .A'L= A'S' . AL ; 
.'. VS : VS'=AS.A'X : A'^AX. 
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LiVY. TiTi Livii HiSTORiAE. The first five Books, 
with English Notes. By J. Pbendevillb. Idth Edition. 
Post Svo. roan, 5s. Or Books I. to III. Zs. 6d. IV. and 
V. Ss. 6d. Or in Five Books separately. Is. 6(2. each. 

LucAN. The Pharsali a. By C. E. Haskins, M.A. , 
Classical Lecturer and Fellow of St John's College, Cam- 
bridge. With an Introduction by W. E. Heitland, M.A., 
Tutor and Fellow of St John's College, Cambridge. Demy 
Svo. 14«. 
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Lucretius. Titi Lucreti Oari de rebum natuba 

LiBBi SEX. With Notes, Introduction, and Translation 
by the late H. A. J. Munbo. 4th Edition finally Bevised. 
3 vols. 8vo. Vols. I and II, Introduction, Text and 
Notes, 18s. Vol. ni. Translation, 6«. 

Ovid. P. Ovidii Nasonis Heroides xiv. Edited, 

with Introductory Preface and English Notes, by Abthub 
Palmbb, M.A., Professor of Latin at Trinity College, 
Dublin. Demy Svo. 6«. 

P. Ovidii Nasonis Ars Amatobia et Amabes. 

A School Edition, carefully revised and edited, with some 
Literary Notes, by the Rev. J. H. Williams, M.A. 
Fcap. Svo. 3«. 6(2. 

The Metamobphoses. Book XIIL With 



Introduction and Notes by C. H. Eeene, M.A., Dubl. 
Fcap. Svo. 2«. 6d. 

P. Ovidii Nasonis Epistolabum ex Ponto 



LiBEB Pbimus. With Introduction and Notes. By C. 
H. Eeene, M.A. Crown Svo. Zs, 

Pbopebtius. Sex. Aubelii Pbopebtii Cabmina 

The Elegies of Propertius, with English Notes. By F. A. 
Palby, M.A., LL.D. 2nd Edition. Svo. cloth. 9«. 

Pbopebtius. Sex Pbopebtii Elegiabum Libbi IV. 
recensuit A. Palmeb, Oollegii sacrosanctae et individuae 
Trinitatis juzta Dublinum Socius. 3«. 6d. 

Sophocles. Studia Sophoolea Part L Being a 
Critical Examination of Professor Lewis Campbell's 
Edition of Sophocles. 58. Part IE. Being the criticism 
of the Oedipus Bex, with a translation into English prose. 
28. 6(2. By B. H. Kennedy, D.D., Begins Professor of 
Greek in the University of Cambridge. 

Sophocles. The Oedipus Tybannus op Sopho- 
cles. By B. H. Kennedy, D.D., Crown Svo. 8«. 

Theoobitus. Codicum manuscriptorum ope denuo 
recensuit C. Wobdswobth, S.T.P. Episcopus Lincolnien- 
sis. Svo. Is, 

Thucydides. The Histoby op the Peloponne- 

8IAN Wab. With Notes and a Collation of the MSS. 
By the late B. Shilleto, M.A. Book I. Svo. 6«. 6d. 
Book n. Bs, 6d. 

1—6 
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OoBPUS PoETARUM Latinoeum. Edited by Walker. 
1 thick vol. Syo. Cloth, 18«. 

Contaiiiing: — Catollus, Luoretins, Yirgilius, Tibollus, 
Propertius, Ovidius, Horatius, Phaedrtis, Luoanus, Per- 
siua, JuyenaUs, Martialis, Sulpioia, StatiuB, Silius Italious, 
Valerius Flaccus, Galpumius Sicnlus, Ausonius, and 
Claudianns. 

TRANSLATIONS, &o. 

Aeschylus. Translated into English Prose. By 
F. A. Palbt, M.A., LL.D. 2nd Ed., revised. 8vo. 7s. 6d. 

— Translated by Anna Swanwick. With Intro- 
duction and Notes. 6th Edition, reyised. 5s. 

HoHER, The niad. Books I. — IV. Translated 
into English Hexameter Verse. By H. S. Wright, B. A, 
late Scholar of Trin. Coll., Cambridge. Medium Svo. 5s. 

Horace. The Odes and Carmen Saeculare. 
Translated into English Verse by the late John Coning- 
TON, M.A., Corpus Professor of Latin in the University 
of Oxford. 10th Edition. Fcap. Svo. 5x. 6d. 

— The Satires and Epistles. Translated into 
English Verse by John Conington, M.A. 7th Edition. 6s.6<i. 

Propertius. Verse Translations from Book V., 
with a revised Latin Text and brief English Notes. By 
F. A. Palby, M.A., LL.D. Fcap. Svo. 3«.* 

Plato. Gorgias, literally translated, with an In- 
troductory Essay containing a summary of the argument. 
By the late E. M. Cope, M.A., Fellow of .Trinity College. 
2nd Edition. Svo. 7«. 

— Philebus. Translated with short Explanatory 
Notes. By F. A. Paley, M.A., LL.D. Sm. Svo. 4s. 

— Theaetetus. Translated with an Introduction 
and short explanatory Notes. By F. A. Paley, M.A., 
LL.D. Sm. Svo. 4s. 

— An Analysis and Index op the Dialogues. 

With Beferences to the Translation in Bohn's Classical 
Library. By Dr Day. Post Svo. 5s. 
Sophocles, The Dramas of. 'Rendered in English 
Verse, Dramatic and Lyric, by Sir Geobgb Young, Bart., 
M.A., formerly Fellow of Trinity College, Cambridge. 

12s. 6<2. 

"In every paffe of it is evidence of accurate scholarship, keen poetic 
sympathies, and Indefatigable pains."— W. 8. Lilly, in the NinOeetUh 
Century. 
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Sophocles. The (Edipus Tybannus. Traoslated 
by B. H. Ebnnedy. In paper cover. Is, 

Theocritus. Translated into English Verse by 
the late C. S. Calvebley, M.A., Fellow of Christ's College, 
Cambridge. Crown 8yo. 2nd Edition, revised. Is. 6d. 

Between Whiles ; or, Wayside Amusements of a 
Working Life. Edited by the late B. H. Kennedy, D.D., 
Canon of Ely. 2nd Edition, revised and improved. Fcap. 
8vo. 5«. 

Translations into Latin Verse. By Herbert 
MiLLiNGTON, Head Master of Bromsgrove School. Fcap. 
8vo., bound in parchment, gilt top. 2«. 6(2. 

Translations into English and Latin. By the 
late C. S. Calvebley, M.A., Fellow of Christ's College, 
Cambridge. 3rd Edition. Post 8vo. Is. 6(2. 

Translations from and into Latin, Greek, and 
English. By Prol B. 0. Jebb, Litt. D., LL.D., H. 
Jackson, LittD., and W. E. Cubbey, M.A., Fellows of 
Trinity College, Cambridge. Second Edition, revised. 
Crown 8vo. Ss. 

PUBLIC SCHOOL SERIES OF CLASSICAL 

AUTHORS. 

A Series of Classical Texts, annotated by well-known Scholars, 
with a special view to the requirements of Upper Forms 
in Public Schools, or of University Students. Crown %vo. 

Aristophanes. The Peace. By F. A. Paley, 

M.A., LL.D. 4«. 6(2. 

Aristophanes. The Acharnians. By F. A. 

Paley, M.A., LL.D. 4t8. 6(2. 

Aristophanes. The Frogs. By F. A. Paley, 
M.A., LL.D. 4i(. 6(1. 

Cicero. The Letters op Cicero to Atticus. 

Book I. With Notes, and an Essay on the Character of 
the Writer. By A. Pbetob, M.A. , Fellow of St Catha- 
rine's College, Cambridge, is. 6(1. 
Demosthenes. The Oration against the Law 

OF Leptines. With English Notes. By B. W. Bbatson, 
M.A., late Fellow of Pembroke College. 8rdEdition. a«.6(l. 

Demosthenes. De Falsa Legatione. By the 
late B. Shillbto, M.A., Fellow of St Peter's College, 
Cambridge. 6th Edition, carefully revised. 6«. 

LiVY. Book XXL By Rev. L. D. Dowdall, M.A., 
B.D., Ch. Ch. Oxon. 3«. 6(i. 
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LivY. Book XXII. ByRev.L.D.DowDALL. 3«.6c?. 

Plato. The Protagoras. The Greek Text. Re- 
vised. With an Analysis and English Notes. By W. 
Wayte, M.A., Classical Examiner at the University of 
London. 4th Edition, revised. 48, 6(2. 

Plato. The Apology of Socrates and Crito. 

With Notes, Critical and Exegetical. 10th Edition. By 
W. Wagneb, Ph.D. 3«. 6(2. Cheap Edition^ limp cloth, 
28. 6d. 

Plato. The Phaedo. With Notes and an Ana- 
lysis. By W. Wagneb, Ph.D. 9th Edition. 5«. 6(2. 

Plato. The Euthyphro. With Introduction 
and Notes. By G. H. Wells, M.A., Assistant Master at 
Merchant Taylors' School. 8rd Edition, revised. 3«. 

Plato. The Euthydemus. Edited by G. H. 
Wells, M.A. 48. 

.Plato. The Kepublio. Books I. & II. Edited 
by G. H. Wells, M.A. 3rd Edition. 5«. 6(2. 

Plautus. Menaechmei. With Notes, Critical 
and Exegetical, and an Introduction. By Wilhelh 
Wagneb, Ph.D. 2nd Edition. 48. 6(2. 

Plautus. Trinummus. With Notes, Critical and 
Exegetical. By W. Wagneb, Ph.D. 3rd Edition. 48, 6(2. 

Plautus. Aulularia. With Notes, Critical 
and Exegetical. By W. Wagneb, Ph.D. 3rd Edition, 
re^written. 48. 6(2. 

Plautus. The Mostellaria. By E. A. Sonnen- 

schein, M.A., Professor of Classics at Mason Science 
College, Birmingham. 58. 

Sophocles. The Trachiniae. By Alfred Pre- 
TOB, M.A., Fellow of St Catharine's College, Cambridge. 
48. 6(2. 

Sophocles. The Oedipus Tyrannus. Edited by 
the late B. H. Kennedy, D.D., Begins Professor of Greek 
at Cambridge University. 5«. 

Terence. With Notes, Critical and Explanatory. 
By W. Waoner, Ph.D. 7«. 6(2. 

Theocritus. With Latin Notes. By F. A. Pa- 
ley, M.A., LL.D. 2nd Edition. 4«. 6(2. 

Thucydides. Book VI. Edited by T. W. Dougan, 
M. A., Prof, of Latin at Qneen's College, Belfast. Ss. 6(2. 
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GRAMMAR-SCHOOL CLASSICS. 

A Series of Greek and Latin Authors^ with English Notes, 
edited by eminent Scholars ; especially adapted for use in 
public and grammar schools. Recently reduced in price. 
Fcap. 8vo. 

Caesar. De Bello Gallico, By G. Long, M.A. 

New Edition, is. 

Books I.-III. With English Notes for Ju- 



nior Classes. By G. Long, M.A. New Edition. 1«. 6d. 
Books IV., V. 1«. 6d. Books VI.-VII. Is. 6d. 

Catullus, Tibullus, and Propertius. Selected 
Poems. By the Bev. A. H. Wbatislaw, late Head Master 
of Buiy St Edmund's School, and F. N. Sutton, B.A. 
With short Biographical Notices of the Poets. 28. 6d. 

Cicero. De Senectute, De Amicitia, and Select 
Epistles. By G. Long, M.A. New Edition. Ss. 

Cornelius Nepos. By the late J. F. Macmichael, 

M.A., Head Master of the Grammar School, Bipon. 2s. 

Homer. Iliad. Books I. -XII. By F, A. Paley, 
M.A., LL.D. 4s. Qd. Books I.-VI. 2s. 6d. Books VII.- 
Xn. 2s. 6d. 

Horace. By A. J. Macleane, M.A., late Head 
Master of King Edward's School, Bath. With a short 
Life. Bevised Edition. 3s. Qd. Or, Part I., Odes, 2s. ; 
Part H., Satires and Epistles, 2s. 

Juvenal. Sixteen Satires (expurgated). By 
Herman Pbiob, M.A., late Scholar of Trinity College, 
Oxford. 3s. 6d. 

Martial. Select Epigrams. By F. A. Paley, 

M.A., LL.D., and the late W. H. Stone, Scholar of Trinity 
College, Cambridge. With a Life of the Poet. 4s. 6d. 

Ovid. The Six Books of the Fasti. By F. A. 

Paley, M.A., LL.D. New Edition. 3s. 6d. Or Books I. 
and II. Is. Qd., Books III. and IV. Is. 6<2., Books V. and 
VI., Is. 6d. 

Sallust. Catilina and Jugurtha. With a Life. 
By G. Long, M.A., and J. G. Fbazeb, M.A. 3s. 6d. Or, 
separately, 2s. each. 
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Tacitus. Germania and Agricola. By P. Frost, 
M. A., late Fellow of St John's College, Cambridge. 2«. 6c{. 

Virgil.. Bucolics, Georgics, and Aeneid, Books 
I.-IV. By J. 0. Sheppabd, D.O.L. Abridged from 
Professor Conington's Edition. 48. 6(2. 

Virgil. Aeneid, Books V.-XII. Abridged from 
Prof. Conington's edition, by H. Nbttleship, Fellow of 
Corpus College, and Professor of Latin Literature in the 
University of Oxford, and W. Waoner, Ph.D. 4s, 6d. 
Or in 9 separate volumes, price Is. 6(2. each. 

Xenophon. The Anabasis. With Life, Itinerary, 
Index, and Three Maps. By the late J. F. Macmichael, 
Head Master of the Granmiar School, Bipon. Bevised 
edition. Bs. 6(2. 
Or in 4 separate volumes,- price Is, 6(2. each. 

Xenophon. The Cyropaedia. By G. M. Gor- 
HAM, M.A., late Fellow of Trinity College, Cambridge. 
New Edition. Ss, 6(2. Books I. and II. Is. 6(2. Books 
V. and VI. Is, 6(2. 

Xenophon. The Memorabilia. By P. Frost, 
M.A., late Fellow of St John's College, Cambridge. 3s. 

CAMBRIDGE TEXTS WITH NOTES. 

Being select portions of the Oreek and Latin Authors , 
edited by eminent scholarsy toith Introductions and Notes 
for School Use, The Texts are those of the " Bibliotheca 
Classica " and the " Qrammar-School Classics ^'^ and the 
Notes are printed at the end. Price Is, 6(2. eojchj with 
exceptions, 

Aeschylus. 6 Vols. Prometheus Vinctus — 
Septem contra Thebas — Agamemnon — Febbae — Eumxn- 
iDXjg — Choephoboe. By F. A. Paley, M.A., LL.D., late 
Classical Examiner to tiie University of London. 

Euripides. 13 Vols. Alcestis — Medea — Hippo- 
LYTUS — Hecuba — Bacohab — Ion (2s. ) — Obebtes — Phob- 
NiBSAE — Tboades — Hercules Fubens — Andbomache — 
Iphioenia in Taubis — SuppLicES. By F. A. Palbt, M.A., 
LL.D. 

Homer. Iliad, Book I. By F. A. Paley, M.A,, 

LL.D. (Is,) 

Sophocles. 5 Vols. Oedipus Tyrannus — Oedi- 
pus Colonbus — Antigone — Elegtba — Ajax. By F. A. 
PAiiEY, M.A., LL.D. 



London: G. Bdl cmd Sons. 15 

Xenophon's Anabasis. 6 Vols. With life, 

Itinerary, Index, and Three Maps. Macmichael's Edi- 
tion, revised by J. E. Melhuish, M.A., Assistant Master 
at St Paul's School. In separate Books. 
Book I. (with Life, Introduction, Itinerary, and 3 Maps.) — 
Books n. and III.— Book IV.— Book V.— Book VI.— Book 
VII. 
Xenophon's Hellenica. Book II. By the Rev. 
L. D. DowDAiiL, M.A., Trin. Coll., DubUn, B.D., Ch. Oh. 
Oxon. 2«. 

OiCERo. 3 Vols. De Amicitia — De Senectute — 

Epistolae Selectae. By Geoboe Long, M.A. 
Ovid's Fasti. 3 Vols. By F. A. Paley, M.A., 
LL.D. 28. each. Books I. and II. — Books III. and IV. 
—Books V. and VI. 

Ovid. Selections from the Amores, Tristia, 
Heboides, AND Metamorphoses. By A. J. Macleane,M.A. 

Terence. 4 Vols. Andria — Hauton timorume- 
Nos — Phormio — Adelphoe. By Prof. Waqneb. 

Virgil's Works. 12 Vols. Abridged from Prof. 
Conington's Edition by Professors Nettleship and "Wag- 
ner and Kev. J. G. Sheppabd. 

Bucolics — Geobgics, I. and II. — Geobgicb, III. and IV. 
— Aeneid, I. and II. — Aeneid, III. and IV. — ^Abneid, V. 
and VI. (2a.) — Aeneid, VII. — A^eneid, VIII. — Aeneid, IX. 
— Aeneid, X. — Aeneid, XI. — Aeneid, XII. 

Others in preparation. 

CAMBRIDGE TEXTS. 

Being mainly the texts of the ** Bibliotheca Classica** 
and ** Grammar-School Classics.*^ 

Aeschylus. By F. A. Paley, M. A., LL.D. 

Price 2«. 

Caesar De Bello Gallico. By G. Long, M. A 1 «. 6d. 
Cicero De Senectutb et De Amicitia et 

Epistolae Selectae. By G. Long, M.A. Is. 6d. 

CiCERONis Orationes IN Verrem. By G. Long, M. A. 

2s. ed. 
Euripides. By F. A. Paley, M. A, LL.D. 3 vols. 

2s. each. 
Herodotus. By J. W. Blakesley, B.D. 2 vols. 

2s. 6d. each. 
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HoMEBi Ilias. Lib. I. — XIL By F. A. Paley, 

M.A., LL.D. Is, 6d. 
HoRATius. By A. J. Macleane, M.A- Price 

Is, 6(2. 
JuvENALis ET Persius. By A. J. Macleane, 

M.A. Is. 6d. 

Lucretius. By H. A. J. Munro, M.A. 2«. 
Sallusti Catilina et Jugurtha. By G. Long, 

M.A. Is, 6d. 
Sophocles. By F. A. Paley, M. A., LL.D. 2«. 6d, 
Terentius. By W. Wagner, Ph.D. 2«. 
Thucydides. By J. W. Donaldson, B.D. 2 vols. 

2s. each. 
Vergilius. By J. Conington, M.A. 2«. 
Xenophontis Expeditio Cyri. By J. F. Mao- 

MICHABL, M.A. Is, 6(2. 

Novum Testamentum Graece, Textus Stephanici, 
1550. Accedunt variae lectiones editionum Bezae, Elze- 
viri, Lachmanni, Tischendorfii, Tregellesii. Gurante F. 
H. ScBiYENEB, M.A. New Edition. 4s. 6(2. 
An Edition with wide margins. Half-bonnd, price 12«. 
EniTib Majob. Containing the readings approved by 
Westcott and Hort, and those adopted by the revisers. 
Also the Eiisebian Canons and the Capitula and additional 
references. Small post 8vo. Is. 6(2. 

LATIN AND GREEK CLASS BOOKS. 
By A. M. M. Stedman, M.A. 
First Latin Lessons. Fcap. 8vo. Is, 
Easy Latin Exercises on the Syntax op the 
Bevised Latin Primer and Shorter Latin Primer. 
With Vocabulary. 2«. 6(i. 

Miscellaneous Latin Exercises on Common 
Rules and Idioms. Fcap. 8vo. 1«. Qd. 

LOWER FORM SERIES. 

With Notes and Vocabularies, 

Eclooae Latinae : or First Latin Reading Book, 
with English Notes and a Dictionary. Bj the late Rev. 
P. Fbost, M.A., St John's College, Cambridge. New 
Edition. Fcap. 8vo. 1«. 6(i. 
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Easy Latin Passages for Unseen Translation. 

By A. M. M. Stedman, M.A. Fcap. 8vo. Is. M, 

Latin Vocabularies for Repetition : arranged 
according to Subjects. By A. M. M. Stedman, M.A. 2nd 
Edition, revised. Fcap. 8yo. Is. 6d. 

Analecta Graeca Minora, with Introductory 
Sentences, English Notes, and a Dictionary. By the late 
Rev. P. Frost, M.A. New Edition. Fcap. 8vo. 2s. 

Vergil's -^neid. Book I. Abridged from Con- 
ington's edition by Rev. J. G. Shbppabd, D.C.L., with 
Vocabulary by W. F. R. Shillbto, M.A. Is. 6d. 

Caesar de Bello Gallico. Book I. Book XL 
With Notes by Geoboe Long, M. A., and Vocabulary by 
W. F. R. Shilleto. Is. 6d. each. [Book III. in the press. 

Horace's Odes. [Book I. in the press. 

Greek Testament Selections. For the use of 
Schools. By A. M. M. Stedman, M.A., Wadham College, 
Oxford. Second and Revised Edition. With Notes and 
a Vocabulary. Fcap. 8vo. 2s. 6d. 



Faciliora. An Elementary Latin Book on a 
New Principle. By the Rev. J. L. Sbaobe, M.A. 2s. 6d. 

A Latin Primer. With Exercises. By Rev. 
A. C. CiiAPiN, M.A., St John's Coll., Camb. Fcap. 8vo. Is. 

AuxiLiA Latina By M. J. B. Baddelet, M.A 
Fcap. 8vo. Part I., Accidence. 2nd Edition. 2s. Part 
n., Syntax and Exercises. 4th Edition. 2s. Key to 
PartU. 2s. 6d. 

Latin Prose Lessons. By Professor Alfred J. 
Ghubch, M.A. 9th Edition. Fcap. 8vo. 2s. M. 

Passages for Translation into Latin Prose. 

Preceded by Essays on Political and Social Ideas, Range 
of Metaphorical Expression, Historical Development of 
Latin Prose Style in Antiquity, Cautions as to Ortho- 
graphy. By Professor H. Nettleship, M.A. Cr. 8vo. Ss. 
A Eet to the above (for Masters only). Crown 8vo. 4^. 6(2. 

Latin Exercises. Grammar Papers, and Hints 
for Junior Classes. By T. Collins, M.A., Head Master 
oftheLatinSchool, Newport, Salop. 6th Edition. Fcap. 
Svo. 2s. 6d. 
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Easy Translations from Nepos, Caesar, Cicero, 

<fec. for retranslation into Latin. By T. Collins, M.A. 2«. 
" Unseen Papers " in Latia Prose and Verse, 

with Examination Qaestions. By T. Collins, M.A. 5th 

Edition, enlarged. Ecap. Svo. 2s. 6(2. 
" Unseen Papers '* in Greek Prose and Verse, 

with Questions. By T. Collins, M.A. 3rd Edition, 

Fcap. 8yo. 3«. 

Analytical Latin Exercises. Part I. Acci- 
dence and Simple Sentences. 5th Edition. Is, 6d. Part 
II. Composition and Complex Sentences. 4th Edition. 
28. 6d. By C. P. Mason, B.A., F.C.P. 

Tales for Latin Prose Composition. Arranged 
with Notes and Vocabulary by G. H. Wells, M.A., As- 
sistant Master at Merchant Taylors' School. Fcap. 8yo. 2«. 

Latin Examination Papers in Grammar and Idiom. 
By A. M. M. Stedman, M.A. Crown 8vo. 2«. 6d. — Key* 
(For Tutors and Private Students only.) 6«. 

ScALA Graeca. a Series of Elementaiy Greek 
Exercises. By the Bev. J. W. Davis, M.A., and the late 
B. W. Baddeley, M.A. 3rd Edition. Fcap. 8vo. 28. 6d, 

Rudiments op Attic Construction and Idiom. 

An Introduction to Greek Syntax for Beginners who 
have acquired some knowledge of Latin. By the Rev. W. C. 
CoMPTON, M.A., Asst.Mast.in Uppingham Sch. Cr. 8vo. 38. 
"Clear and concise." — Athencnim. 

Greek Verse Composition. Bj George Preston, 

M.A. 5th Edit. Crown 8vo. 4^. 6d. 

By the late Bev, P. Frost, M.A,, St John's College j 

Cambridge, 

Latin Prose Composition, Materials for. New 

Edition. Fcap. 8vo. 2s. Key. 4s. 
Latin Verse Book. An Introductory Work on 
Hexameters and Pentameters. New Edition. Fcap. Bvo. 
28, Key. 5s. 

Greek Prose Composition, Materials for. Con- 
structed on the same plan as the ** Materials for Latin 
Prose Composition." New Edition. Fcap. Bvo. 2». 6d. 
Key. 5s. 

Florilegium Poetioum. a Selection of Elegiac 
Extracts from Ovid and Tibullus. New Edition, greatly 
enlarged. With English Notes. Fcap. 8vo. 2s. 
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By Rev. F, St John Thackeray, late Assistant Master^ Eton 

College. 

Anthologia Latina. a Selection of Choice Latin 
Poetry, from Naeyius to Boethias, with Notes. Revised 
and cheaper Edition. Neat cloth, red edges, 16mo. 4«. 6(2. 

Anthologia Graeca. A Selection of Choice Greek 
Poetry, with Notes. Bevised and cheaper Edition. Neat 
cloth with red edges, 16mo. 4«. 6d. 



Extracts for Translation in Greek, Latin, 
AND Enolish. By B. C. Jebb, Litt.D., LL.D., H. Jackson, 
Litt.D., and W. E. Cubbey, M.A. Grown Svo. 4«. 6d. 
Translations of these Pieces wUl be found in a Companion 
Volume by the same Authors entitled ** Translations.*' 
Price 8«. See page 11. 

Edited by Hubert A. Holden, LL,D,, late Fellow of Trinity 

College. 

FoLiORUM SiLVULA. Part I. Being Passages for 
Translation into Latin Elegiac and Heroic Verse. 10th 
Edition. Post 8yo. 7«. 6cf. 

FoLiORUM SiLVULA. Part II. Passages for Trans- 
lation into Latin Lyric and Comic lanfibic Verse. 4th 
Edition. 5«. 

Folia Silvulab, sive Eclogae Poetarum Angli- 
oomm in Latinum et Graecum conversae quas disposuit 
H. A. Holden. Volumen Alterum continens Fascicnlos 
m. IV. 128. 

FoLiORUM Oenturiab. Selections for Translation 
into Latin and Greek Prose, chiefly from the University 
and College Examination Papers. 9th Edition. Post 
Svo. Ss. 



A Latin Grammar. By the late T. H. Key, M.A., 
F.B.S., Professor of Comparative Grammar in Uni- 
versity College, and Head Master of the School. 6th 
Thousand, with corrections and additions. Post Svo. Ss. 

A Short Latin Grammar, for Schools. By the 
late T. H. Key, M.A. 16th Edition. Post Svo. Bs. 6d. 
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Greek Particles and their Combinations according 
to Attio asage. A short Treatise, by F. A. Paley, M.A., 
LL.D. Sm. Cr. 8vo. 2«. 6d. 

The Theatre of the Greeks. 8th Edition, ds. 
Keightlet's (T.) Mythology op Ancient Greece 

AND Italy. 4th Edition, revised by L. Sohmitz, Ph.D., 
LL.D. With 12 Plates. 6«. 

A Guide to the choice of Classical Books. By 
J. B. Mayob, M.A., Professor of Moral Philosophy at 
. King's College, late Fellow and Tutor of St John's Col- 
lege, Cambridge. 3rd Edition, revised. Crown 8yo. 4#. Qd. 

FOREIGN CLASSICS. 

A carefully edited Series for v^e in Schools^ with Introduc- 
tionSf English Notes, grammatical and explanatory, and 
renderings of difficult idiomatic expressions, Fcap, 6vo. 

Charles XII. par Voltaire. By L. Direy. 
7th Edition. Is, 6d, 

German Ballads from TJhland, Goethe, and 

Schiller. By C. L. Bielefeld. 3rd Edition. Is, 6d, 
AVENTURES DE TeL^MAQUE, par FiNELON. By 
C. J. Delill?. 4th Edition. 2s, 6d, 

Select Fables of La Fontaine. By F. E. A. Gasc. 

18th Edition. Is, Qd, 
PicciOLA, by X. B. Saintine. By Dr Dubuc. 
15th Thousand. Is. 6d. 

Lamartine's Le Tailleur de Pierres de Saint- 
Point. By J. Boiblle, B. A. (Univ. Gall.), Senior French 
Master at Dulwich College. 4th Thousand. Foap. 8vo. 
Is, 6d, 

Goethe's Hermann and Dorothea. By E. Bell, 

M.A., and E. Wolfel. Is. 6(2. 
Schiller's Wallenstein. Complete Text. By 
Pbof. BncHHEiM. 5th Edition. 58. Or the Lager and 
PiccoLOMiNi, 2s. 6d. Wallenstein's Tod, 2s. 6d. 

Maid of Orleans; with English Notes by Dr W. 

Waonbr. 2nd Edition. Is. Qd. 
Maria Stuart. By V. Eastner, Lecturer at 

Victoria University, Manchester. 2nd Edition. Is. 6(2. 
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FRENCH CLASS BOOKS. 

First French Book. By F. E. A. Gasc. Fcap. 
8vo. 98th Thousand. U, 

Second French Book ; being a sequel to the " First 
French Book." 47th Thousand. Fcap. Bvo. 1«. 6d. 

Key to First and Second French Books. Ss. 6d, 

French and English Dictionary, with upwards 
of Fifteen Thousand new wordsj senses, &c., hitherto un- 
published. By F. E. A. Gasc. 4th Edition enlarged, 
with Corrections and new Supplements. In 1 Vol. 8vo. 
cloth, 108. 6d, 

Pocket Dictionary of the French and English 
• Languages. By F. E. A. Gasc. 46th Thousand. 16mo» 
Cloth. 28. 6rf. 

French Grammar for Public Schools. By the 
Key. A. G. Olapin, M.A., St John's College, Cambridge, 
and Bachelier-^s-lettres. Fcap. 8yo. 11th Edition. 28. 6d. 
Key, 38. 6d. 

French Primer. Elementary Grammar and 
Exercises for Junior Forms. By Bev. A. G. Clapin, M.A. 
Fcap. 8vo. 7th Edition. l8. 

Primer op French Philology, with Exercises for 
Public Schools. By Bev. A. C. Clapin. 3rd Edition. Fcap. 
8vo. l8. 

Passages for Translation into French. Selected 

and arranged by the Bev. A. C. Clapin. 28. Qd. Key, 48. 

Manual op French Prosody. By A. Gosset, M. A.^ 
late Fellow of New College, Oxford. Fcap. 8vo. 38. 

French Examination Papers in Miscellaneous 
Grammar and Idioms. By A. M. M. Stedman, M.A. 
Crown 8vo. pp. 122. Third Edition. 28. 6d. Key. 
(For Tutors and Private Students only.) 68. In use at 
Eton, Harrow, etc. 

GERMAN CLASS BOOKS. 

German Conversation Gkamhtar. By J. Sydow. 

2nd Edition. 28. 6d. 
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German Syntax. BjJ.Sydow. 2nd Edition. \8,^d. 

German Prose Composition, Materials for; Se- 
lections from Modem English Writers, with Grammatical 
Kotes, Idiomatic Benderings tind Introduction. By Db 
BucHHEiM, Professor in Emg's Collage, and Examiner 
to the London University. 12th Edition. Fcap. 8yo, 
4«. M, A Key to Pts I. & n. 8«. Pts in. & IV. 4». 

German Examination Papers in Grammar and 
Idiom. Compiled by Budolph J. Mobich, Manchester 
Grammar School. Edited by A. M. M. Steduan, M.A. 
Crown 8vo. 28. 6<i. Key. (For Tutors and Private 
Students only.) 5«. 

A German Grammar for Public Schools. By the 
Bev. A. C. Clapin, and F. Holl-Mulleb, Assistant Master 
at the Bruton Grammar School. 4th Edition. Fcap. 
8vo. 28. 6(2. 

A German Primer. By Rev. A. 0. Clapin. Fcap. 
8vo. 1«. 



ENGLISH CLASS BOOKS. 

Elements of Comparative Grammar and Philo- 
logy, for use in Schools. By A. C. Pbice, M.A. 2<. 6d. 

Examples for Grammatical Analysis in Ybrse 

AND Pbose. By F. Edwabds. Fcap. cloth. 1«. 

Adams (Dr E.). The Elements of the English 
Language. By Ebnest Adams, Ph. D. 2l8t Edition. 
Post 8vo. 48. 6(2. 

Adams (Dr E.). The Rudiments op English 

Gbammab and Analysis. By Ebnest Adamb, Ph.D. 
16th Thousand. Fcap. 8vo. 1<. 

Questions for Examination in English Litera- 

TUBE. By Prof. Skeat, Litt.D., LL.D. 2nd Edition, 
revised. Crown 8vo. 2«. 6d. 

History and Geography Examination Papers. 

By C. H. Spence, M.A. 2«. 6d. 
Test Lessons in Dictation, for the First Class of 

Elementary Schools. 4th Edition. Paper cover, 1«. 6d. 
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SCHOOL EXAMINATION SERIES. 

Edited by A. M. M. s5CEDMAN, M.A. 

The Keys are issued to Tutors and Private Students only. 

In use at Eton, Harrow, Winchester, Bepton, Chelten- 
ham, Sherborne, Haileybury, Manchester, Aldershot Army 
School, (&c. 

Grown 8vo. 2s. 6d. each. 

French Examination Papebs in Miscellaneous Grammar 
and Idioms. For the use of Pupils preparing for the Public Schools, 
Local, MilitaiT, and other Examinations. Compiled by A. M. M. Stxd- 
MAN, M.A. Fourth Edition. Ket. 6*. net 

Latin Examination Papebs in Miscellaneous Grammar and 
Idioms. For the use of Pupils preparing for Public Schools, Local and 
other Examinations. Second Edition. Kxt. 6t. net 

Gebman Examination Papebs. Compiled by B. J. Mobich, 
Manchester Grammar SchooL Kbt. 5*. 

Gbeee Examination Papebs in Miscellaneous Grammar 
and Idioms. 

Histoby and Gbogbaphy Examination Papebs. Compiled 
by CL H. Spbmcb, M.A., Assistant Master at Clifton Collie. 

Science Examination Papebs. Compiled by B. E. Stbel, 
M. A., Bradford Grammar SchooL 

In Three Volumes- 
Part I. Chbmistbt. IJtut published. 
Part IL Physics (Sound, Light, Heat, Magnetism, Electricity). 

[In the press. 
Part III. BioLooT and Gboloot. [In the press. 

Gbnebal Knowledge Examination Papers. Compiled by 
A. M. M. Stbdmak, M.A. 

Abithmetic, Examination Papers in. Consisting of 140 
Papers each containing 7 questions ; 537 more difficult problems follow. 
By combining one of me papers with a few selected proDlems an exam- 
ination paper of any length or difficulty may be formed. Some recent 
Public Examination Papers are appended. By C. Pbndlebubt, M.A., 
Senior Matliematical Master, St Paul's School. 

Trigonometry, Examination Papers in. By G. H. Ward, 
M.A., Assistant Master at St Paul's School. 

Examination Papers in Book-keeping, with Preliminary 
Exercises. Compiled and arranged by J. T. Mbdhubst, F. S. Aocts. and 
Auditors, and Lecturer at City of London Collie. Zs. 

English Literature, Questions for Examination m. 
Chiefly collected from College Papers set at Cambridge. With an Intro- 
duction on the Study of English. By the Rev. W. W. Skbat, LittD.. 
LL.D., Professor of Anglo-Saxon at Cambridge University. Second 
Edition, Revised. 



Price 6i. M. 
Fubliihed Atmuaily in Augiut, 

The Cambridge University Calendar. 

CONTENTS. 
Bttanan for Enmlnitlnni ■nd Prim,— UplnnUj Oncwi. PHdMun. 
Bmnliivn, Byudln, kc. — liit of Bltetonl Rail — Iiita>diictiu* HUorr of 
DotTonUT.— Tamu uid Exerdiat.— SeDile-HouH BcuolnAaoiu. — Fro- 
dHiUiigi in Digno.— DnlTenlt; LDal RimnlinHoiii.— Oitonl and Ciun- 
bcfitea Bcfaooli Burabuthm B«id.~P«i. *c.— Lodijns-Haiiw UoeiieM. 
— lAlfaoiulkal TrJpoHi.— dudal Trlpom.— Hor^SdMHU TrlpoHi,— 
NMml HoleDm TdpoM.— Thmloclsl Tripmei.— Iav OiMn.-'lav and 
HIMoiT TrtpoHL— Hlitorial Tdpo*.— Decreei confamd.— Unlver^tj 
OncH^—ProteHonhlH.— Pnadisn and LcOiiren.— Bvrnain in lb« I'nl- 
TinUy Ctaoich.— DniTenlty Seholuihlpi ud Fifm.— DniTenll; FatroD- 
■M.— ConnlT PUroiBge.'-Chiirltln—PDbllcBiiadliHi.—Colleni.— Mem- 
ban of lb« Snule not OB the Boerdi or in; C^Sce.—Nan-Colle^te 

an,rfi»t. ni ih. n™i«rtlti._Ltat of D.D. by Benlortt-- ' <- -> ■> 
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The Student's Guide to the University 
of Cambridge. 

CONTENTS. 

InBODncTioii, Reviled b; R. B. SoHiun, M. A.— UnJvenlty Eipcuiei. 
. „ .. . ^„..^ ..__.,.J_.. — W.H. BBSlTiT, M.A. 

ei Tripoe, bi G. D* 
ir of Uw. by E C. 

PrepuatiDn for the 

DnT, B.D., ReiiHA 

• iih»,'m!a„ LorJ 
pat. bi R. B. Hm. 

/bwrtA Edition TewHtUn, Fcap. &vo. 6s. 6(i or in 
separate Partg. 

Put I. InlroducUon.— Untvenlty Eipeniet — Non^^)llegtote Slo- 
dente. li.iA U. The MalhemeHciil TrIiHW. U HI. TheClMiicBlTri- 
pot li. IV. Thoolopcsl EiBiniMtioiH, I» V. Tbe Study of L««r. li 
VI. Medldna mi Suratry. U. VII. Natuml HdencH Tripoe. U. 
VIII. Moral Sdencea Tifpos. li. IX. IllatDrtisI ud Oriental TripoMS. 

AnnwtUy in December. Poap. 8vo. 1*. 
Tub Schoolhastek's Calendar. A Handbook of 
EXBtDmBtiana and Open Scholarabips. 
"* A nodeit and luefnl little TiAvmk"—AthtneHxm. 
*' Ad admirablA manuaL'^— Saturday Setr/or. 
" In crery anitone parenft liandi."— r*< H. M. 0/ o P«W<c SMoot 
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